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Questions

1. Consider the amplifier of Figure 1, where vi(t) is the input voltage and

vo(t) the output one. Denote by vC1
(t) and vC2

(t) the voltage across the

capacitor C1 and C2, respectively, and assume that the amplifier is ideal.

vi(t)
<latexit sha1_base64="v0AjjGTNFaR0zxWwrbNIwHV+vhw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvXiMYB6QLGF2MpuMmd1ZZnoDIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFRw6hUM15nSirdCqjhUsS8jgIlbyWa0yiQvBkM72Z+c8S1ESp+xHHC/Yj2YxEKRtFKjVFXlPG8Wyy5FXcOskq8jJQgQ61b/Or0FEsjHiOT1Ji25yboT6hGwSSfFjqp4QllQ9rnbUtjGnHjT+bXTsmZVXokVNpWjGSu/p6Y0MiYcRTYzojiwCx7M/E/r51ieONPRJykyGO2WBSmkqAis9dJT2jOUI4toUwLeythA6opQxtQwYbgLb+8ShoXFe+ycvFwVareZnHk4QROoQweXEMV7qEGdWDwBM/wCm+Ocl6cd+dj0Zpzsplj+APn8wf8sY69</latexit>

C1
<latexit sha1_base64="b342B6lxS9u4MYepTTuvsFWGG+U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntJ1Sax/LRTBL0IzqUPOSMGis91Ptev1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6jBHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gC8MY1v</latexit>

vo(t)
<latexit sha1_base64="xqfIxnJRrbFbn6wVcMIFS21Yl+8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXBT0GvXiMYB6QLGF2MpuMmZ1ZZnoDIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFRw6hUU1anSijdColhgktWR46CtRLNSBwK1gyHdzO/OWLacCUfcZywICZ9ySNOCVqpMeqqMp53iyWv4s3hrhI/IyXIUOsWvzo9RdOYSaSCGNP2vQSDCdHIqWDTQic1LCF0SPqsbakkMTPBZH7t1D2zSs+NlLYl0Z2rvycmJDZmHIe2MyY4MMveTPzPa6cY3QQTLpMUmaSLRVEqXFTu7HW3xzWjKMaWEKq5vdWlA6IJRRtQwYbgL7+8ShoXFf+ycvFwVareZnHk4QROoQw+XEMV7qEGdaDwBM/wCm+Ocl6cd+dj0Zpzsplj+APn8wcF6o7D</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

C2
<latexit sha1_base64="CArBDoei93Kav7EtR1yhdqpypL0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+sxvP3FtRKwecZJwP6JDJULBKFrpod6v9ktlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxbusVO+vyrXbPI4CnMIZXIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AG9tY1w</latexit>

R1
<latexit sha1_base64="HErLcL/a9neUsY2bI7BXdcXxFJ0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/ue1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wfTC41+</latexit>

R2
<latexit sha1_base64="+OqddXsH+7CYO2bp+cbETc6DFgE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/tetVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/Uj41/</latexit>

�<latexit sha1_base64="1wWJZzuqkwoOr8BrbeaugX9EN5c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3mW5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3XbjLU=</latexit>

Figure 1: Amplifier circuit.

(a) Derive the ordinary differential equations (ODEs) that capture the

evolution of vC1
(t) and vC2

(t).

(b) Provide a state space description of the amplifier circuit. What is the

order of the resulting system?

(c) Is the resulting system autonomous? Is it linear? Justify your answers.
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2. Consider the following dynamical system

z̈(t) = 1− 1

(z(t) + z?)2
u(t),

where z? > 0 is a fixed parameter.

(a) Find the constant input u(t) = u? for all t ≥ 0 that renders 0 an

equilibrium of the system, i.e., starting at z(t) = 0 the system does

not move.

(b) Use x(t) =
[
z(t) ż(t)

]>
and y(t) = z(t) as the state vector and

system output, respectively. Write the given dynamical system in

state space form. Is the resulting system linear?

(c) Linearize the system around x? =
[
0 0

]>
and the value for u? com-

puted in part (a).

3. Recall that the state transition matrix for linear time invariant (LTI) sys-

tems with starting time zero is given by

Φ(t) = eAt = I + At+
A2t2

2!
+ . . .+

Aktk

k!
+ . . .

Show that it satisfies the following properties:

(a) Φ(0) = I.

(b) d
dtΦ(t) = AΦ(t).

(c) Φ(t)Φ(−t) = Φ(−t)Φ(t) = I.

What is the role of Φ(−t) in this case?

(d) For any t1, t2 ∈ R, Φ(t1 + t2) = Φ(t1)Φ(t2).

4. For each case below comment on whether matrix A is diagonalizable, and

determine the matrix exponential eAt.

(a) A =

[
0 −ω
ω 0

]
, where ω 6= 0.
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(b) A =

[
σ −ω
ω σ

]
, where σ 6= 0.

(c) A =

[
λ1 λ2 − λ1
0 λ2

]
, where λ1, λ2 6= 0.

(d) A =

0 1 3

0 0 2

0 0 0

.

5. The so called Wien oscillator is the circuit shown in Figure 2 with k > 1.

Denote by vC1
(t) and vC2

(t) the voltage across the capacitor C1 and C2,

respectively, and assume that the amplifier is ideal.

vo(t)
<latexit sha1_base64="xqfIxnJRrbFbn6wVcMIFS21Yl+8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXBT0GvXiMYB6QLGF2MpuMmZ1ZZnoDIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFRw6hUU1anSijdColhgktWR46CtRLNSBwK1gyHdzO/OWLacCUfcZywICZ9ySNOCVqpMeqqMp53iyWv4s3hrhI/IyXIUOsWvzo9RdOYSaSCGNP2vQSDCdHIqWDTQic1LCF0SPqsbakkMTPBZH7t1D2zSs+NlLYl0Z2rvycmJDZmHIe2MyY4MMveTPzPa6cY3QQTLpMUmaSLRVEqXFTu7HW3xzWjKMaWEKq5vdWlA6IJRRtQwYbgL7+8ShoXFf+ycvFwVareZnHk4QROoQw+XEMV7qEGdaDwBM/wCm+Ocl6cd+dj0Zpzsplj+APn8wcF6o7D</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

�<latexit sha1_base64="1wWJZzuqkwoOr8BrbeaugX9EN5c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3mW5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3XbjLU=</latexit>

(k � 1)R
<latexit sha1_base64="V6RhcE066kDI5lhSj8ZPG3/zql4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7VdBj0YvHKvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbqt56o0kyKBzOOqR/hgWAhI9hYqVkenXmn971iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsIrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWa1455Xq3UWpdp3FkYcjOIYyeHAJNbiFOjSAwCM8wyu8OdJ5cd6dj3lrzslmDuEPnM8fFZKOJg==</latexit>

C1
<latexit sha1_base64="b342B6lxS9u4MYepTTuvsFWGG+U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntJ1Sax/LRTBL0IzqUPOSMGis91Ptev1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6jBHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gC8MY1v</latexit>

R
<latexit sha1_base64="cVRUNBy/RTcU6LUbsjbBwonoaeo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK3vjNo=</latexit>

R
<latexit sha1_base64="cVRUNBy/RTcU6LUbsjbBwonoaeo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK3vjNo=</latexit>

R
<latexit sha1_base64="cVRUNBy/RTcU6LUbsjbBwonoaeo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK3vjNo=</latexit>C2

<latexit sha1_base64="CArBDoei93Kav7EtR1yhdqpypL0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjsxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj+sxvP3FtRKwecZJwP6JDJULBKFrpod6v9ktlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxbusVO+vyrXbPI4CnMIZXIAH11CDO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AG9tY1w</latexit>

vC2
(t)

<latexit sha1_base64="LRcTCVLDAOEyAWJUbWwx79TbTjI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LvXisYD+wDWGz3bZLN5uwOymU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBbHgGh3n28ptbG5t7+R3C3v7B4dHxeOTlo4SRVmTRiJSnYBoJrhkTeQoWCdWjISBYO1gXJ/77QlTmkfyEacx80IylHzAKUEjPU38tO5XZ2W89Islp+IsYK8TNyMlyNDwi1+9fkSTkEmkgmjddZ0YvZQo5FSwWaGXaBYTOiZD1jVUkpBpL11cPLMvjNK3B5EyJdFeqL8nUhJqPQ0D0xkSHOlVby7+53UTHNx6KZdxgkzS5aJBImyM7Pn7dp8rRlFMDSFUcXOrTUdEEYompIIJwV19eZ20qhX3qlJ9uC7V7rI48nAG51AGF26gBvfQgCZQkPAMr/BmaevFerc+lq05K5s5hT+wPn8AtdCQSA==</latexit>

vC1
(t)

<latexit sha1_base64="h2FY3q8rXNwcM+l9/eC3BeP+QNY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LvXisYD+wDWGz3bZLN5uwOymU0H/hxYMiXv033vw3btsctPXBwOO9GWbmBbHgGh3n28ptbG5t7+R3C3v7B4dHxeOTlo4SRVmTRiJSnYBoJrhkTeQoWCdWjISBYO1gXJ/77QlTmkfyEacx80IylHzAKUEjPU38tO67szJe+sWSU3EWsNeJm5ESZGj4xa9eP6JJyCRSQbTuuk6MXkoUcirYrNBLNIsJHZMh6xoqSci0ly4untkXRunbg0iZkmgv1N8TKQm1noaB6QwJjvSqNxf/87oJDm69lMs4QSbpctEgETZG9vx9u88VoyimhhCquLnVpiOiCEUTUsGE4K6+vE5a1Yp7Vak+XJdqd1kceTiDcyiDCzdQg3toQBMoSHiGV3iztPVivVsfy9aclc2cwh9Ynz+0SJBH</latexit>

Figure 2: Wien oscillator.

(a) Let x(t) =

[
vC1

(t)

vC2
(t)

]
denote the state vector, and y(t) = vo(t) the

output of the Wien oscillator circuit (notice that there is no input).
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Show that its state space representation is given by

ẋ(t) =

[
− 1
RC1

1−k
RC1

1
RC2

k−2
RC2

]
x(t),

y(t) =
[
0 k

]
x(t).

(b) If C1 = C2 = C, determine the range of values for the parameter

k for which the resulting system is stable, asymptotically stable, or

unstable.

6. Consider an LTI system whose state x(t) =

[
x1(t)

x2(t)

]
evolves according to

ẋ(t) =

[
0 1

−1 0

]
x(t) +

[
0

1

]
u(t),

where u(t) is an external input.

(a) Does there exist a control input u (as a function of time) such that

we can drive the system state from x(0) =

[
1

0

]
to x(2π) =

[
0

0

]
?

(b) Consider the following piecewise constant input:

u(t) =


u1 if 0 ≤ t ≤ 2π

3 ;

u2 if 2π
3 ≤ t ≤ 4π

3 ;

u3 if 4π
3 ≤ t ≤ 2π.

Do there exist u1, u2 and u3 such that we can drive the system state

from x(0) =

[
1

0

]
to x(2π) =

[
0

0

]
?

Hint: Note that the system’s “A” matrix is in the form of the one in

Question 3(a).
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7. (a) Consider a system whose state evolves according to

ẋ1(t) = x2(t),

ẋ2(t) = u(t),

where u(t) is a control input. Let x(t) =

[
x1(t)

x2(t)

]
. Do there exist u1

and u2 such that u(t) = u1t + u2 can drive the system state from

x(0) =

[
1

0

]
to x(1) =

[
0

1

]
?

(b) Let A ∈ Rn×n and B ∈ Rn×m. If (A,B) is controllable, would

(A2, B) be controllable as well? Justify your answer.

8. Consider the following two systems:

system S: ẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),

where x(t) ∈ Rn, u(t) ∈ Rm and y(t) ∈ Rp, and

system Ŝ: ˙̂x(t) = A>x̂(t) + C>û(t),

ŷ(t) = B>x̂(t) +D>û(t),

where x̂(t) ∈ Rn, û(t) ∈ Rp and ŷ(t) ∈ Rm.

(a) Show that S is controllable if and only if Ŝ is observable.

(b) Show that S is observable if and only if Ŝ is controllable.

9. Consider the transfer function

G(s) =
1

(s+ 1)(s+ 2)
.

(a) Is (A,B,C,D) with

A =

[
−3 −2

1 0

]
, B =

[
1

0

]
, C =

[
0 1

]
, D = 0,
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a realization of G(s)? Is the system with the matrices (A,B,C,D)

above controllable and observable?

(b) Is (A,B,C,D) with

A =

−6 −11 −6

1 0 0

0 1 0

 , B =

1

0

0

 , C =
[
0 1 3

]
, D = 0,

also a realization of G(s)? Is the system with the matrices (A,B,C,D)

above controllable and observable?

(c) Comment on the effect that lack of controllability or observability

may have on the realization of a transfer function.

10. OPTIONAL: Consider the controllability Gramian

Wc(t) =

∫ t

0

eAτBB>eA
>τdτ ∈ Rn×n.

Show that if it is invertible for a particular t̄, i.e., Wc(t̄) � 0, then it is

invertible for any t, i.e., Wc(t) � 0, for all t ∈ R.

Note: The fact that Wc(t) � 0, for all t ≥ t̄ is easier to show compared

to the case where t < t̄.


