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Abstract

In this paper, we propose a quadratic programming-based filter for safe and stable controller design, via a Control Barrier
Function (CBF) and a Control Lyapunov Function (CLF). Our method guarantees safety and local asymptotic stability
without the need for an asymptotically stabilizing control law. Feasibility of the proposed program is ensured under a mild
regularity condition, termed relaxed compatibility between the CLF and CBF. The resulting optimal control law is guaranteed
to be locally Lipschitz continuous. We also analyze the closed-loop behaviour by characterizing the equilibrium points, and
verifying that there are no equilibrium points in the interior of the control invariant set except at the origin. For a polynomial
system and a semi-algebraic safe set, we provide a sum-of-squares program to design a relaxed compatible pair of CLF and
CBF. The proposed approach is compared with other methods in the literature using numerical examples, exhibits superior

filter performance and guarantees safety and local stability.
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1 Introduction

Safety and stability are essential properties for modern
automation applications [2]. In control theory, one popu-
lar methodology to verify and enforce these properties is
to use certificate functions. For a nonlinear autonomous
system, stability can be verified by constructing a Lya-
punov function [3]. When a control input is considered,
the concept of a Control Lyapunov Function (CLF) has
been introduced [4]. With a Control Lyapunov Func-
tion in hand, a stabilizing controller can be designed us-
ing Sontag’s universal formula [5]. On the other hand,
safety verification can be achieved by defining a barrier
function over the state-space [6]. The zero-level set of a
barrier function is forward invariant and discriminates
the safe and unsafe regions. Analogous to CLF's, Con-
trol Barrier Functions (CBFs) have been introduced to
guide controller design for safety [7,8].

* Part of the results of this manuscript has been presented
as an extended abstract at the International Conference on
Control 2024 [1]. Here we significantly extend the confer-
ence version by additionally providing a filter formulation for
safe and stable controller synthesis in Section 3, proposing
a CBF/CLF design algorithm in Section 4, and conducting
more comparative numerical studies in Section 5.
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To guarantee stability and safety simultaneously for a
dynamical system, a quadratic programming-based filter
has been proposed [8]. CLF and CBF constitute separate
constraints in such a filter for stability and safety. The
filter can accommodate any locally Lipschitz continuous
reference signal and subsequently provides the closest
certified control signal. For nonlinear control affine sys-
tems, CLF and CBF constraints are linear in the input
for any given state. Feasibility, however, is not guaran-
teed: as a trade-off, the CLF constraint is relaxed using
a slack variable in the program. Consequently, local sta-
bility for the closed-loop system using the designed con-
troller is not guaranteed [9]. Additionally, equilibrium
points, other than the origin, exist. To address these is-
sues, many improved filters have been proposed. The au-
thors in [15] unify the CLF and CBF into one function
called CLBF for simultaneous stability and safety, but
only for a bounded control invariant set. Given a CLF
and a CBF, a CLBF can be constructed through a linear
combination of these functions. In [11], the CLF con-
straint is modified with additional parameters. By prop-
erly designing these parameters, the closed-loop system
can be locally stable at the origin. If the reference con-
trol signal stabilizes the system, the filter [8] is shown to
guarantee local stability [12]. Under a similar assump-
tion, [13] proposes a new filter that only has a CBF con-
straint. Sufficient conditions to estimate the region of
attraction (ROA) are also provided. To better accom-
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Table 1

Comparisons on closed-loop behaviours of our filter and the other CLF-CBF based filters in the literature. By O; we mean
the l-sublevel set of a CLF, O,<; denotes the n-sublevel set of the CLF, where 0 < n <. It holds that O,<; C O;. Note that
in [10] compatibility between CBF and CLF is strict (in a sense specified formally in the sequel), however, linear independence
of the associated constraints is imposed as an assumption.

Paper Local Stability —Interior Equilibria ROA  Stabilizing Controller ~Compatibility ~CBF/CLF Design
This Work v Do not Exist O, Not Required Relaxed v
8] - Exist - Not Required Not Required -
[11] v Exist - Not Required Not Required -
[12] v Do not Exist O, Required Not Required -
[13] v Do not Exist On<i Required Strict —
[14] v Do not Exist On<i Not Required Strict -
[10] v Do not Exist O Not Required Strict v

modate the CLF and CBF constraints, [14] proposes to
lift either the CLF or the CBF constraint into the ob-
jective function. When the CLF constraint is lifted as a
penalty term, the closed-loop system is shown to be lo-
cally stable in a non-empty region of attraction (ROA)
if the penalty parameter is larger than a certain level.

In [8], the CLF and CBF are obtained separately. The
potential conflict between these two functions is the
main reason for the undesired closed-loop behaviour.
The concept of compatibility has been identified as a key
property to efficiently accommodate the conflict [13,14].
Compatibility is also related to the control sharing prop-
erty [16]. In essence, this property necessitates the exis-
tence of a controller that satisfies both the CLF and CBF
constraints at every state. To design compatible CLF
and CBF, a sum-of-squares programming-based synthe-
sis method has been proposed [17]. However, it is impor-
tant to note that achieving compatibility for the entire
state space may be impossible if the complementary set
of the control invariant set is bounded [18].

In this work, we propose a new filter based on the relazed
compatibility condition for a CBF and CLF. We demon-
strate that our method obtains the desired closed-loop
behaviour, i.e. local asymptotic stability and elimina-
tion of interior equilibrium points. Our method does not
require a stabilizing nominal controller to enhance sta-
bility of the designed optimal controller. Moreover, the
optimal controller is guaranteed to be locally Lipschitz
continuous inside the invariant set without an a pri-
ort assumption on the linear independence of the CBF-
and CLF- induced linear constraints, which is assumed
n [10]. Additionally, we provide a design method for a
relaxed compatible pair of CLF and CBF for a polyno-
mial dynamical system using sum-of-squares program-
ming. The inherent nonlinearities in the program are ad-
dressed through an iterative algorithm. We validate the
efficacy of our method by comparative studies against
other stat-of-the-art methods, and our method shows
superior filter performance.

A classification of the most closely related results in the
literature and a qualitative comparison of their closed-
loop behaviour with respect to the proposed approach
is provided in Table 1. Under mild conditions, i.e. with
relaxed compatibility and without pre-stabilizing con-
troller, our method guarantees local stability, eliminates
all the interior equilibrium points, and results in a large
ROA O, where [ denotes the [-superlevel set of a CLF.
Numerical comparisons of filter performance in terms of
optimality and CBF/CLF design with other works are
illustrated by numerical studies in Section 5.

In Section 2 we provide some mathematical preliminar-
ies. Our filter is proposed and analyzed in Section 3. The
CBF/CLF design program is presented in Section 4. In
Section 5, we conduct comparative numerical studies,
while Section 6 provides some concluding remarks.

2 Preliminaries

2.1 Notation

R™ denotes the set of real vectors with dimension n. R[z]
denotes the set of real polynomials in z. X[z] denotes
the set of sum-of-squares polynomials in x. For a vec-
tor y, ||y|| denotes its 2-norm. For a set C, Int(C) and
cl(C) denote its interior set and closure, respectively. For
a closed set D, 0D denotes its boundary. For non-zero
vectors a € R™, b € R™, a//b indicates they are paral-
lel. A continuous function a(-) : [—¢,d] = (—o0, 00) for
c,d > 0 is said to belong to extended class-/C if it is
strictly increasing, and a(0) = 0. A continuous function
~(-) : R™ = R is said to be positive definite if v(0) = 0,
and y(z) > 0,Vz # 0. For a polynomial p(z), deg(p(z))
represents its degree.



2.2 Control Barrier & Lyapunov Functions

Consider a nonlinear control-affine system

i = f(&)+ g(@)u, (1)

where z(t) € X C R"™ denotes the state of the system
and u(t) € R™ denotes the input. Here f(x) : X —
R™ g(z) : X — R™ are locally Lipschitz continuous
functions in X, and f(0) = 0. Our goal is to design
a locally Lispchitz continuous state feedback controller
u(+) : X = R™ such that the solution of the closed-loop
system & = f(z) + g(z)u(z) that starts from z(0) = xo,
stays within a safe set S for every t that belongs to the
time-domain over which solutions are defined. If such a
controller u(-) exists, we say that the system is safe.

Definition 1 ( [8, Definition 5]) Consider sys-
tem (1), and a safe set S. A differentiable function
b(x) : X = Ris called a Control Barrier Function (CBF)
if B:={x € R" : b(x) > 0} C S, and there exists a
class-K function «(-), and a locally Lipschitz continuous
state-feedback controller with u(x) : X — R™, such that

Lsb(x) + Lob(x)u(z) + a(b(z)) >0,Vz e X,  (2)

where Lb(x) = ag—(;)f(x), and Lgb(x) = Bg(;)g(x).

Definition 2 A locally positive definite and differen-
tiable function V(-) : X — R is called a Control Lya-
punov Function (CLF) if there exist a positive definite
function v(-) : R® — R, and a locally Lispchitz continu-
ous state-feedback controller with u(z) : X — R™, such
that

LiV(z)+ LV (z)u(z) +v(x) <0,Vz e X, (3)
where LV (x) = %S‘)f(x), LyV(z) = %;"L)g(x)

The definition below is known as a compatibility condi-
tion [13,14,17], and captures the cases under which the
CLF and CBF conditions are both feasible.

Definition 3 (Compatibility [17, Definition 1])

Consider system (1), CLF V(z), CBF b(z), extended

class-KC function a(-) : R — R, and positive definite

function v(-) : R — R. V(x) and b(z) are said to be

compatible if there exists a locally Lipschitz continuous

controller u(z) : X — R™, such that for any x € X:
Lb(x) + Lyb(x)u(z) + a(b(x)) >0, ()
L1V (@) + £,V (@)u(x) +(2) < 0.

In the next section we propose a relaxed version of this
condition, which is at the core of our analysis.

2.8  Sum-of-Squares Programming

Definition 4 A polynomial p(x) is said to be a sum-of-
squares polynomial in x € R™ if there exist M polynomi-
als pi(x),i=1,..., M, such that

M
p(z) = Zpi(w)Q- (5)

We also call (5) a sum-of-squares decomposition for p(z).
Clearly, if a function p(z) has a sum-of-squares decom-
position, then it is non-negative for all x € R™. Comput-
ing the sum-of-squares decomposition (5) is equivalent
to a positive semidefinite feasibility program, which is a
convex optimization program.

Lemma 5 Consider a polynomial p(x) of degree 2d in
x € R™. Let z(x) be a vector of all monomials of degree
less than or equal tod. Thenp(x) admits a sum-of-squares
decomposition if and only if

p(x) = 2(z) ' Qz(2),Q = 0. (6)

In Lemma 5, z(z) is a user-defined monomial basis if d

n+d
and n are fixed. In the worst case, z(x) has p

. n+d n+d
components, and @ is a p X p square

matrix. The necessity of Lemma 5 is natural from the
definition of a positive semi-definite matrix, considering
the monomial z(x) as a vector of new variables whose
i-th element is z;. The sufficiency is shown by factoriz-
ing Q@ = LTL. Then z(z)"Qz(z) = (Lz(x))"Lz(z) =
L@ > 0.

Given z(z), finding @ to decompose f(x) following (6) is
a semi-definite program, which can be solved efficiently
using interior point methods. Selecting the basis z(z)
depends on the structure of p(z) to be decomposed.

Definition 6 A set X C R"™ is semi-algebraic if it can
be represented by polynomial equality and inequality con-
straints. If there are only equality constraints, the set is
called algebraic.

Lemma 7 (Lossless S-lemma) Suppose t;(z) €
Y[z],i € Z, then

p(x) = Y ti(z)ai() € Sla] =

i€T

p(z) >0, Vo € ({z|g(z) > 0}.
€L



Suppose l;(x) € Rlz],i € I, then

— le(m)qz(x) € X[z] =
p(@) > 0, Ve € ({ala(@) = 0).

i€

3 Safety and Stability Filter
3.1 Problem statement and motivating example

Consider system (1), and a locally Lipschitz continuous
controller 7 : X — R™ satisfying 7(0) = 0. Our goal is
to design a locally Lipschitz continuous controller u*(z)
that locally stabilizes system (1) around the origin, and
guarantees forward invariance of the set B = {z € R" :
b(x) > 0}. Moreover, the optimal controller u*(z) should
be close to 7(x) as much as possible. For any z € X, the
proposed safety and stability filter takes the form

(u'(2), 5" (@) = argmin 2 [Ju— 7(2)|[? + E(s 1
uw€R™ s€R
subject to
Fi(u,s) = Lib(z) + Leb(x)u + s(a(b(z))) > 0,
Fy(u) = LV (x) + LoV (z)u+ B(b(x))v(x) <0, -

where a(-) : R® — R and 5(+) : R* — R are extended
class-K functions, y(-) : R” — R is a positive definite
function. In addition, f(x) < 1, for any « € X. One typ-
ical choice for B(-) is tanh(-). The filter is constructed
at the current state x given the value of w(z). In this
way the optimal solution u* and s* are both functions
of z. In particular, we have that u*(z) : X — R™, and
s*(x) € X — R since we only consider one CBF con-
straint. Unlike the filters proposed in [8], [12] which relax
the CLF constraint with a slack variable, our proposed
filter (7) uses an adaptive variable s to ensure feasibil-
ity while promoting safety, and a term B(b(z))vy(x) to
ensure feasibility while promoting stability.

The intuition for S(b(x)) is that, for x € {x € R™ :
b(x) > 0}, we have that S(b(x)) > 0 (since S is an
extended class-K function), and also V < 0 holds.
Moreover, for larger b(z), 8(b(x)) accelerates the con-
vergence speed by amplifying S(b(z))vy(x). For any x
such that B(b(x)) takes the largest admissible value 1,
our adapted CLF constraint is equivalent to the original
one. This happens when b(z) (the argument of 5(+)) is
large enough, i.e., the system is safe to a certain level.
B(z) can be thought of as an activation function to trig-
ger the CLF constraint, based on the CBF constraint.

Prior to analyzing our proposed filter, to better under-
stand the benefits of introducing s and §(+) in terms of

feasibility, safety, and stability, we provide the following
motivating example.

Example 8 Consider a second-order linear system
T =x+u, (8)

where x = [x1, 22", u = [u1,us]". A bounded obstacle
is defined by the set {x € R? : ||z — (0,4)||> < 2}. This
benchmark case has been conszdered in [9,12,14]. In these
papers, a candidate CLF is V(z) =2 'z, and a CBF

b(x) = ||z — (0,4)[]* ~

while y(z) = V(z), a(b(z)) = bz). The original

CBF constraint is given by b(x) + b(xz) > 0, which is
T
21’1

2$2 -8 U

original CLF constraint is given by V(z) 4+ V(z) < 0,
T

u
+ 322 + 323 — 1629 + 12 > 0. The

Ui

which s + 323 4+ 323 > 0. Given a state

2$2 U9
x, both constraints are affine in u, thus define two half
planes on R?. When

2]}1 2x
R [}
21’2 -8 2£82
the intersection of the two half planes is potentially
empty. Clearly, this happens only when x1 = 0. Under
this, the CBF and CLF constraints are then given by
29U + 323 < 0, (219 — 8)ug + 322 — 1629 + 12 > 0. It
is easy to verify that, when xo < 4, there always exist us

that satisfies these constmints Considem'ng To > 4, we

3z2—16z5+12
have—% < uy < =322 However, the simulta-

neous satisfaction of these mequalztzes 1s 1mpossible if

350% — 16z + 12 3xo
T am-s 2 Tomd

Therefore, for any x1 = 0,z9 > 4, there does not exist
u(x) that satisfies the CLF and CBF constraints, and the

CLFV (x) and CBF b(x) are not compatible according to
Definition 3.

Now consider the constraint Fy(u, s) > 0 in (7) given by

221Uy + (202 — 8)ug + (23 + 25 — 81y + 12)s
+ 227 4 223 — 815 > 0,

and the CLF constraint Fy(u) < 0 in (7), given by

2z1u1 + 2x9us + 21‘% + 2x§ + 5(1)(:5))(1:% + I%) <0.



Given a state x, both constraints are affine in u and s,
thus define two half planes on R3. The intersection of the
two half planes is potentially empty if

2.’£1 2.’£1
231‘2 -8 // Q.TQ
2?2 4+ 23 — 81y + 12 0

This happens when x1 = 0 and 22 + 22 — 8x9 + 12 = 0,
which imply x1 = 0,25 =2 orx1 = 0,22 = 6. These two
points both lie on the boundary of {x € R? : b(x) = 0}.
Now it is clear that the additional decision variable, s,
enlarges the affine constraint space at any x ¢ {x €
R? : b(x) = 0}, thus improving feasibility. On the set
{x € R? : b(z) = 0}, we clearly have that constraint
Fi(u, s) > 0 is the same as the nominal CBF constraint,
i.e. the one without s.

Considering x1 = 0, xo = 2, the adapted CBF constraint
Fi(u,s) > 0 implies ug < —2, the adapted CLF con-
straint is

duo +8+4B(b(1‘)) <0< uy < -2.
b(z)=0

At this point, any u; € R and ug < —2 satisfy the two
constraints. Considering xr1 = 0,zo = 6, the adapted
CBF constraint implies uy > —6, the adapted CLF con-
straint is

12us + 72 + 4 5(b(z)) < 0 <= uz < —6.
b(2)=0

Similarly, at this point, any u; € R, and us = —6 satisfy
the CBF and CLF constraints simultaneously. Recall that
at x1 =0, x9 = 6 > 4, there exists no u(x) that satisfies
the CBF and CLF constraints (as required by the stan-
dard compatibility definition). This illustrates the poten-
tial benefit of introducing B(b(x)), as it promotes feasi-
bility on the set {x € R? : b(x) = 0}.

Example 8 shows that our filter (7) introduces s and
B(b(x)) to adapt the original CBF/CLF constraints to
guarantee feasibility. What remains to answer is whether
the adapted CBF/CLF constraints are feasible on {x €
R™ : b(x) = 0}. This motivates the concept of relazed
compatibility.

Definition 9 (Relaxed Compatibility) Consider
system (1), CLF V(x), and CBF b(z). V(x) and b(z) are
said to satisfy the relazed compatibility condition if there
exists a locally Lipschitz continuous u(x) : X — R™,
such that for any x € {x € R™ : b(x) = 0}:

Leb(z) + Lyb(z)u(x) > 0,
LV (z)+ LV (z)u(z) <0. (9)

Compatibility is naturally sufficient but not necessary
for relaxed compatibility. There are two main differences
between them:

(1) Conditions for relaxed compatibility only require
the existence of a controller u(z) that satisfies the
CBF constraint and the relaxed CLF constraint
(V(z) > 0) for any = € OB, whereas the existence
of controller is required for any x € R™ for compat-
ibility.

(2) The CLF constraint in (9) is non-strict and does
not include the convergence rate term +(z) on 9B,

whilst is strict in the sense of V < 0,Vz # 0 in (4).

Relaxed compatibility refers to compatibility of invari-
ance and stability that only relies on a CBF (control
invariant set), a CLF, and the system dynamics. The
motivation for (2) comes from a geometric observation
in [18]. Let B¢ denote the set complement of B, and sup-
pose B¢ is bounded. It is then shown that there is no
locally Lipschitz continuous controller u(z) that guar-
antees that both V' < 0 and b > 0 on some points on the
boundary of the invariant set [18]. As a result, compat-
ibility can not hold on these points. Relaxed compati-
bility therefore proposes a milder condition that V < 0
and b > 0 on these points.

Theorem 10 Consider system (1). Suppose there exist
a CBFb(z) and a CBF V (x) that satisfy the relaxed com-
patibility condition as per Definition 9. Then the opti-
mization problem (7) is feasible for any x € X.

PROOF. We will show that both constraints in (7) are
feasible. To this end, by Definition 2, for any z € X,
there exists v/, such that £V (z)+ L,V (z)u'+7(z) < 0.
Given that ~(-) is non-negative, and S(x) < 1, we have
that for any € X, 8(b(x))y(x) < ~(x). This indicates
that for any x € X,

Fy(u') = LV () + LgV (2)u" + B(b(x))y(x)
<LV (x)+ LV (2)u +y(x) <0, (10)

where the second inequality is due to the property of the
selected u'.

Consider the same u’ for the CBF constraint, and let

Lsb Lgb(z)u :
’ b(x gb(x)u :
o = § SELEHELO_q ippe) <0, (11)
0, if b(z) =0,

and notice that the division with a(b(z)) is admissible
for the values of b(z) in these cases. We have that for



any z € {x € R":

b(x) # 0},
= Lsb(z) + Lyb(z)u' + s (a(b(x))) > 0,

(12)

Fi(u,s)

where the inequality follows by substituting in place of
s’ the expressions in the first two branches of that cor-
respond to z € X such that b(z) # 0. Additionally, for
any x € X such that b(x) = 0, by the relaxed compati-
bility condition (9), we directly have that Fy(u/,s") > 0.
As such, in any case feasibility of (7) is ensured, thus
concluding the proof. O

3.2 FEquilibrium Characterization

Theorem 10 shows that under the relaxed compatibility
condition of Definition 9, (7) is feasible for any = € X.
We now provide a closed-form expression for the optimal
solution of (7).

Theorem 11 Consider system (1), and a safe set S C
R™. Suppose there exist a CBF b(x) and a CLFV () that
satisfy the relaxed compatibility condition. The optimal
controller u*(x) obtained by the safety and stability filter
(7) is given by

cb c c cb
™ Vz € QY fuﬂwuglfsugl;‘z, (13a)
Fy cb cb
W—Féﬁgzﬁ \Z te;‘lqu;‘4, (13b)
Fy T af
T— =L,V NV ecQs,, (13c¢)
LVL VT 11
* Lb" —F
R P Ayt | )
—,CgVT Fv(LIJ)
Vo € QG (13d)
Fy
7£ VT,
L VL, VT
Vr e Qz?}cQ U QE?}C?), (13e)
where
T o ab@)? T
Al) LgbLgb' + == —LgbL,V
LVLbT —L, VL VT
Fb( ) = Lgb (iv) () + Lyb(z) + a(b(z)), F(z) =
(@) Lob(z)T + a(b(z))?/p, Fy(z) = L;V(x) +
gV(@)m(z) + B(b(x))y(x). The critical regions that
appearz n (13) are defined by
chf ={zeR": F, >0,F, <0}, (14a)

Qb —{r e R™: Fy F) — F,L,V LD <0,

clf,1
Fy, <0, Fy # 0}, (14b)
QCTEJJJ:Z:{IERn - Fy <O,b(x):(),£gb:()}, (14C)
Q] = {z €R": RLVLYVT — FyLybL,VT >0,
Fy >0,L,V #0}, (14d)
Ot = {z €R": F, > 0,L,V =0}, (14e)

Ol ={z €R" 1 LV #0,RLVLD + FF, >0
FBLyVL VT + FyLbL,VT >0,b(x) #0},  (14f)
O, ={z €R" 1 L,V #£0,Fy <0,F) =0,F, =0},
(14g)

O s ={z €R": LV #0,b(x) =
Fy <0,L4b//L,V, FyL,V = —Fbﬁgb}. (14h)
Ol ={z eR": L,V =0,F, <0,F #0,Fy =0}
(14i)
Ol ={z €R": L,V =0,F] =0,F, =0,Fy = 0}.
(14j)

For the ease of notation, we have dropped the dependency
OffE fOT Fb(x)v FV(I)v Eb(z)7 ﬁV(‘T)7 Fl;('r)

PROOF. Dualizing the control barrier function con-
straint —L¢b — Lgybu — sa(b(x)) < 0 with a multiplier
A1 > 0, and the control Lyapunov function constraint
LiV+LyVu+B(b(x))y(z) < 0with amultiplier Ao > 0,
we obtain the corresponding Lagrangian

1
L(u,s,A1, ) = §Hu — 7r(alc)||2 (s — 1)2

— M (Lpb+ Lobu+ sa( (7))
+ ALV + LgVu+ B(b(z))y(x)).

The KKT conditions are given by

% o =u* —7(x) — /\1£ng + )\QﬁgVT —0,

(15a)
OL

| =P 1= hal@) =0,
(15b)

A (Lpb+ Lobu™ + s™a(b(z))) =0,
(15¢)

X2 (LfV 4+ LeVu™ + B(b(x))y(x)) = 0.
(15d)

We highlight here that, u*, s*, \; and Ay are all func-
tions of . The dependency on z is dropped to simplify
notation. By regarding x as a parameter to the quadratic
programming problem (7), the analytical solution can
be evaluated by considering which constraints are active



or inactive [8,12,19]. We consider the following cases.

Case 1: Both the CBF and the CLF constraint are inac-
tive.

In this case, we have
Fi(u*,s*) > 0and Fa(u*) < 0. (16)
Then we have \; = 0, and A2 = 0 from the comple-

mentary slackness conditions (15¢) (15d). By (15a) and
(15b), we obtain that u* = 7w(z) and s* = 1, respec-

tively. This case happens for x € Q%{ C R™, where

Qg: {I cR"™: Fl(u*78*) > O,FQ(U*) < 0} (17)

Substituting v* = 7(z),s* = 1 into Fy(u*,s*), Fa(u*),
we thus obtain (14a).

Case 2: The CLF constraint is inactive and the CBF
constraint is active.

In this case, we have F; (u*, s*) = 0, Fz(u*) < 0. Then we
directly have Ay = 0 from (15d). From (15a) we obtain

u* = m(x) + ML, (18)
while from (15b) we obtain

1y Malb(@)
p

We then consider the following two sub-cases.

1) F} = LbL,bT + a(b(x))?/p # 0. Substituting (18)
and (19) into Fy(u*, s*) =0, we get

_ Lgbm(z) + Lb+ a(b()) _ Fb' (20)

A\ = 2
' LbLbT + alb(x))2/p F,

Substituting then (20) into (18) and (19) we obtain

_ Fra(b(z))

21
o@D

F
u* =m(zr) — Fblﬁgb—r7s* =1
b

The critical region Q%c . C R™ is then defined by

QY =z eR": FH(u’) <0\ 20,7 #0}. (22)

Substituting (21) into (22), and since F} is positive in
this case, we obtain (14b).

2) F{ = 0. This implies £,b = 0 and b(z) = 0. From (18)

and (19), we have that
u* =m(zr) and s* = 1. (23)

For this case, A\; can be any arbitrary non-negative
scalar. This is since the decision variables v and s do
not appear in the CBF constraint. The dual function
depends solely on Ay. The critical region Q%C ) is thus

9%{2 ={zeR": Fy <0,b(x) =0,L,b =0}, (24)

which establishes (14c).

Case 3: The CLF constraint is active and the CBF con-
straint is inactive.

For this case, we have Fj(u*,s*) > 0, Fy(u*) = 0. By
(15¢) we have that Ay = 0. Substituting this into (15b),
we obtain s* = 1, while substituting A\; = 0 into (15a)
yields

u* =7(x) — AL,V . (25)
Two further sub-cases are considered depending on the
different values of L,V.

1) L,V # 0. Substituting (25) into F»(u*) = 0 we have

Ny — LV + LVr(x) + B(b(z))y(x) _ Fy
? LVLVT LVLVT
(26)
By (26), (25) results in
* . L T
u* = 7(z) VLT LV, (27)

The critical region Qﬁl is then defined by

Qﬁl ={zeR": Fi(u",s") >0, 2 >0,L,V # 0}
(28)

Substituting (27) and s* = 1 into (28), and since £,V
is positive in this case, we obtain (14d).

2) L,V = 0. By (25) we have u* = (). For this case,
Ao can be any non-negative scalar. The critical region is
then defined by

Q= {x e R Fy(u",s7) > 0,L,V =0} (29)

Substituting «* = 7 and s* = 1 into (29), we obtain
(14e).

Case 4: Both the CBF and CLF constraint are active. In



this case, we have that
Fi(u*,s*) = 0and Fa(u*) = 0. (30)

By (15a) and (15b), respectively, we obtain that

w =)+ MLy — AL,V T, (31)
s =1+ Alo‘(;’(x)). (32)

Substituting (31), and (32) into (30), we obtain a linear
equation

LabLehT + U £, vT] (]  [~Foe)
cgvcng —LVLVT| [ Fy(z)
(33)

Denote the matrix that pre-multiplies [A1, o] T by A(x),
and notice that its determinant is given by

det(A(z)) = —L,VLV  LbLbT
— LVLV T ab(x)?/p+ LbL,VTLVLDT.

It can be observed that det( (z)) =0 if and only if (i)
£,V = 0:or ) Fz) = £,be) ) +olb(x))2/p =
0, which in turn implies that Lgb=0and b= 0;or, (iii)
b(z) =0and L,V//Lb.

We then consider the following five sub-cases, that cap-
ture the situation where det(A(z)) # 0, and all possible
(distinct) cases for which det(A(z)) = 0, and for each
case characterize the resulting optimal solution of (7).

1) L,V # 0 and b(z) # 0. For this case we have
det(A(x)) # 0. We then have that A(x) is invertible

with A(x)~! given by
—L,VLVT LbL, V7T
CLVLDT LybLyhT + 2GE)*
A(gj)il _ g g g g9 p (34)
det(A(x))

We could thus solve the linear system of equations in
(33) and obtain

)\1 B " 1
] -

Substituting (35)-(34) into (31) and (32), we obtain the
expressions for u* and s* given in (13d). The critical

region ch 7.1 1s defined by

—Fy()

35
Fo(@) (35)

QN ={z €R": A1 > 0,A > 0,L,V(x) #0,b# 0}
(36)

Under the expressions for A\; and Ay in (35), A(z)~! in
(34), and recalling that Fj := LbLyh" + 2L e
obtain (14f).

2) L,V # 0 and F] = 0. F] = 0 implies that £;b = 0
and b = 0. Therefore, the linear system of equations in
(33) reduces to

0=—Fyand — L, VL,V Ay = F
We then have \y = —% and Fj, = L b = 0, while
A1 takes any arbitrary non-negative value. Substituting
these identities into (31) and (32), we obtain

* FV T *
u :7T+W£9V al’ldS =1. (37)

The critical region in’; 5 is then given by

QY = {w €R™: Ay > 0,L,V £0,F = 0,F, = 0}.
(38)

Substituting in the latter Ao = —LVF% yields (14g).
g g

3) LV # 0,b(x) = 0, and L,V//Lyb. For this case,
matrix A(z) has two linearly dependent rows. Therefore,
the linear equation is feasible if and only if

FyL,V = —F,L,b.

Under this condition, the linear equation is feasible and
admits infinitely many solutions. Fixing A; = 0, by (33)
we have that Ay = 7%&#. Substituting these iden-
tities into (31) and (32), we have

Fy

* T *

The critical region QZ?}C 4 is given by

O = {z €R" 1 LV #0,b(z) =0,

40
Xo > 0,Lyb//LyV, Fy LV = —FyLyb}. (40)

Substituting Ap = 7% into (40), we obtain (14h).

4) L,V = 0and F} # 0. For this case, the linear equation
(35) results in

Fi\ =-F, 0=Fy.

We thus have that \; = —%, while Ay takes any ar-
b

bitrary non-negative value. Substituting these into (31)



and (32), we have

. Ey . Fya(b(z))
u :W—Féﬁgb—r7 and s :1—TFZ (41)

The critical region Qz?}i 4 is given by

Qg?}vA ={zx € R": \; >0,L,V =0,F #0,F, =0}.
(12

Substituting A; = —% into (42), we obtain (14i).
b

5) L,V = 0 and F] = 0. For this case, both A\; and Ao
take arbitrary non-negative values. Besides, as a conse-

quence of (33), we have F;, = 0, Fyy = 0. By (31) and
(32), we then have

u* =m(x),s* = 1. (43)
The critical region Qg’]}: 5 is given by
O ={z €R": L,V =0,F =0,F, =0,F, =0},
which is (14j), thus concluding the proof. O
In the next theorem, we analyze the equilibrium points
of our the closed-loop system & = f(x) + g(z)u*(z),
where u*(z) is obtained by solving (7).
Theorem 12 Consider system (1). Suppose there erist
a CBF b(z) and a CLF V(x) that satisfy the relazed
compatibility condition. Let u*(x) be the optimal solution
of (7). Then, the set of equilibrium points of system & =
f(z) + g(x)u*(x) in B are given by
cl cl cl

&= gcb§,1 U 5cb;,2 U 5517;,3 U {0} (44)

where

Ety ={r {0, uQY) 3N 0B f(x) + gla)n(x)

Fy T
+9(x)————=L,V' =0}, (45a)
/JgV/:gVT g
£ty ={z {0} NOBY : f(2) + g(a)m(x)
_ L T _
g(x)[,gbﬁgb—'— Ly =0} (45D)
£ty ={z € {0} NBY : f(x) + g(a)m(z) = 0},
(45¢)

PROOF. We first show that z = 0 is included in the
set of equilibrium points. To this end, notice that f(0) -+
g(0)m(0) = 0, as the optimal solution of (7) at the origin

is given by u*(0) = 7(0), and 7 is defined such that
7(0) = 0. Therefore, the origin is an equilibrium point.

Notice first that for any = # 0 that satisfies b(z) > 0,
the CLF constraint in (7) implies V(z) = 8%7(36)(]0(1') +
g(x)u*(x)) < 0. Therefore, we have f(x) + g(lx)u*(m) #
0. This in turn implies that there are no equilibrium
points in Int(B), and all equilibrium points have to be-
long to 0B.

We next investigate which constraints can be active for
points on 0B. To this end, suppose that either the CBF

constraint b(x) > 0 or the CLF constraint V(z) < 0isin-

active. We have either b(x) = %@)(f(x) +g(z)u*(z)) >
Oor V(z) = %(f(a:)+g(a:)u*(x)) < 0. It thus follows

that f(z) + g(z)u*(r) # 0 for either case. Therefore,
we conclude that the CBF constraint and the CLF con-
straint have to be both active, and b(z) = 0 at all equi-
librium points. This corresponds to the second, third,
forth, and fifth sub-cases of Case 4 in the proof of The-
orem 11. We show next that all these cases are encom-
passed in the sets of (44).

In particular:
(i) For the second and third sub-case of Case 4 in the

proof of Theorem 11, = € QEQJ}’Q U ng}g By Theorem
11, we thus have that u* = 7 + ﬁgVF#L‘gVT. Under

this choice of u* we obtain (45a) for any = such that
f(x) + g(z)u”(z) = 0.

(ii) For the fourth sub-case of Case 4 in the proof of
Theorem 11, we have that = € 92%4. We then have
that £,V = 0, F] = 0. Recalling that F} = L,bL,b" +
a(b)?/p = LbLT, following (13b), the optimal con-
troller u*(z) is given by u*(x) =7 — Lngﬁﬁng. Un-
der this choice of u* we obtain (45b) for any x such that
£(@) + g(z)u(z) = 0.

(iii) For the fifth sub-case of Case 4 in the proof of The-
orem 11, we have that = € Qzé’}s By Theorem 11, we

then have u* = 7(z). Under this choice of u* we obtain
(45¢) for any « such that f(z) + g(z)u*(z) =0. O

3.8  Continuity Analysis

We now analyze u*(z), the optimal solution of (7), in
terms of its continuity properties. We first provide two
definitions that will be employed in the sequel and are
widely encountered in the literature [11,12].

Definition 13 (Small Control Property) A CLF
V(z) is said to have the Small Control Property (SCP)
if there exists a compact set 0 and a locally Lipschitz

continuous control law u.(x) : X — R™, such that
0 € Q, Int(Q) # 0, limy_,o uc(z) — 0 and

LV (z) + LV (z)uc(z) +v(x) <0,Vr € Q.



Definition 14 (Strict Complementary Slackness)
The CLF constraint in (7) is said to have Strict Com-
plementary Slackness (SCS) if

LV (xz)+~y(x) <0, Vo € X\{0} such that L,V (z) = 0.

SCS can be easily satisfied for CLFs. To see this, consider
CLF V(x), feedback controller u(z), and function ~(z)
that satisfy (3). Suppose there exists aset X C {XN{z :
LV (z) = 0}\{0}}, such that L;V (z) + v(z) = 0,Vx €
X. Define a new function (x) = v(x)/2. Given that 0 <
F(x) < y(z), Vo € X, we deduce that LV (z) + F(z) <
0,Vz € X. Hence, the CLF constraint in (7) can satisfy
SCS by replacing v(z) with J(x).

Theorem 15 Consider system (1). Suppose there exist
CBF b(x) and CLF V (x) that satisfy the relazed compat-
ibility condition, and 0 € Int(B). Suppose f(zx), g(x) and
m(x) are locally Lipschitz continuous on every compact
subset of Int(B)\{0}. Let u*(x) be the optimal controller
obtained by (7). If SCS holds, then u*(x) is locally Lips-
chitz continuous Vo € Int(B)\{0}. Additionally, if SCP

holds, thenu*(z) is also locally Lipschitz continuous at 0.

PROOF. The proof follows a similar process as that
for [11, Theorem 1]. To simplify notation, we let Q% =

bf bf bl _ ebf cbf bf _ (yebS
QZTf,l U Qsz,z’ QU = Qo UQase Q= Qg U
Qﬁ?}cQ U Qi?){,:s U Qi?;:l U Q?Z{s Therefore, the coefficient

T

matrix M (z) that multiplies [u ", s]T in the active con-

straints of (7) is given by

0, Vr € Ql‘iJ{ (46a)
v ol Vo e M, (46D)
M(z) = [Egb a(b(x))} . Ve e Q. (46c)
Lb a(b(x)) .
., -"V .| Ve Q. (46d)
g

Select a convex and compact set D C Int(B)\{0}. The
solution of (7) in D is unique since the cost function is
strictly convex and the constraints are linear. Given that
D is compact, L4, L,V and a(b(z)) are all locally Lip-
schitz continuous (since f(x), g(x), V(x), b(x), and o)
are all locally Lipschitz continuous), there exists ¢ > 0
such that || M (z)|| < ¢ for every & € D. By affinity of the
constraints this then implies that u*(x) is locally Lips-

chitz continuous for x € CI(QEZ{) ND since u*(z) = 7(x).
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If £,V = 0 for some x € Qﬁrﬂ), the CLF constraint is

necessarily inactive since L7V + B(b(x))vy(z) < LV +
v(z) < 0 according to (46a), which contradicts the defi-

nition of Qi?f in (14). Therefore, for every = € QZ’J{ ND,

we have £,V # 0. Similarly, for every = € cl(Q%) nD,

we have L,V # 0, a(b(z)) # 0. In summary, M (z) is of
full row rank in all cases. The conditions of [11] are sat-
isfied, and the optimal solution v*(z) is locally Lipschitz
continuous in every compact set D.

We then prove that if SCP holds, u*(z) is also locally
Lipschitz continuous at the origin. Given that 0 € Int(B)
and f(0) + g(0)w(0) = 0, we have Fy(ui(x),1)|z=0 =
Fy(0) > 0 for any locally Lipschitz continuous con-
trol wj(xz) that satisfies u;(0) = 0, which implies

0e cl(Qg) U CI(QZ)J{ ). Therefore there exists a compact

set Fp(u1(z)) C cl(Qg) U cl(Qﬁ) that satisfies 0 €

Int(Fp(uq(z))) and Fy(ug,1) > 0 Va € Fp(ui(x)). From
the SCP of V(z), there exists a locally Lipschitz contin-
uous control ug(x) that satisfies uz(0) = 0, and a com-
pact set Fy (uz(z)) that satisfies 0 € Int(Fy (uz(x))),
such that Fh(uz(z) < 0 Vx € Fy(uz(x)). Define
Fluz(x)) = Fv(uz(x)) N Fp(uz(z)). F(uz(zr)) has
a non-empty interior since 0 € Int(Fp(ui(z))) and
0 € Int(Fy (uz(x))). Then, for any = € F(uq(x)),

Fy(ua(z)) = LV + LV ua(z) + B(b(z))y(x) <0
< Fy + L,V (uz(z) — m(x)) <0
= |Fy| <L V] - [Juz(z) — ()|
|Fv|
L4Vl

< Jug(z) = m()]| (47)

Given that lim, g uz(x) — 0, lim,_,o w(x) — 0, we have
lim, ¢ ||uz(x) —7(z)|| — 0. Hence, lim,_,o Hlﬂiivvl\l — 0.

Moreover, we have that the CBF constraint is inactive on
F(uz(x)) since F(uz(z)) € Fp(ui(x)). From (13a) and

(13c), we have lim,_,o u*(x) — 0, for any x € cl(Q%c) U
cl(Qﬁ). Therefore, u*(x) is locally Lipschitz continu-
ous on a compact set F(u*) C cl(Q%f) U cl(Q]) that

clf
contains the origin. Hence, we conclude the proof. O

Lipschitz continuity of u*(x), f(z) and g(x) guarantees
uniqueness of solution for system (1). Using Theorem 15,
we can then analyze the safety and stability performance
of system (1) using the optimal controller u*(x).

Lemma 16 Consider system (1). Suppose there exist a
CBF b(z) and a CLF V (x) that satisfy the relazed com-
patibility condition. Let u*(x) be the optimal controller
obtained by solving (7). Then, for the closed-loop system
z = f(z) + g(x)u*(x) we have that:



(1) The set B is forward invariant;
(2) The CLF V(x) is decreasing for every x €

Int(B)\{0}.

PROOF. Forward invariance is guaranteed since
for any z € 9B, b(z) = L;b + L,bu*(x) > 0, and
f(@) + g(z)u*(x) is locally Lipschitz continuous. For
every x € Int(B)\{0}, the CLF V(x) is decreasing since
V =LV + LVu*(z) < Fy(u*(z)) <0. O

Theorem 17 Consider system (1). Suppose there exist
a CBF b(z) and a CLF V(x) that satisfy the relazed
compatibility condition following Definition 3. Let u*(x)
be the optimal controller obtained from (7). If0 € Int(B),
then the closed-loop system (1) & = f(x) + g(x)u*(x) is
locally asymptotically stable at the origin. Moreover, for
anyl > 0, the set

O ={zeR":V(z)<l} (48)

18 a region of attraction if O; N OB = .

PROOF. For every z € Int(B)\{0}, we have V(z) =
LV + LVu(x) < —B(b(x))y(x) < 0. Any closed in-
variant set R that contains the origin is a region of at-
traction for the closed loop system. For any [ > 0 such
that O;NOB = 0, we have V() < 0. Therefore, O, is an
invariant set for system & = f(z)+g(x)u*, and therefore
a region of attraction. O

4 CLF & CBF Design and Verification

The proposed filter (7) relies on pre-designed CLF V' (z)
and CBF b(x) that satisfy the relaxed compatibility con-
dition. In this section, we show how to design these
functions for a polynomial dynamical system and semi-
algebraic sets S, X'. After designing the functions offline,
a controller that guarantees safety and local stability can
be synthesized by solving (7) in an online manner.

Assumption 18 Consider system (1). f(x) and g(x)
are polynomial functions. Assume thatS and X are semi-
algebraic sets, defined by S = {x € R"™ : s(x) > 0}, and
X = {z € R" : w(z) > 0}, respectively.

To begin with the design method, we first restrict our
decision variables such that oy (), o2(x), o3(x), A1 (),
Aa(x),b(x), V(2), up(z), uy (z). Additionally, we pre-
define two sum-of-squares polynomials €1 (x) and e3(z)
with no constant terms. Clearly, we have

gi(x) > 0,Vz #0and ¢;(0) =0,Vi € {1,2}.  (49)
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We impose the following requirements on our design:
(i) Polynomial constraints: Using the previous identi-
ties, we require all decision variables to be polynomials.
Namely,

o1(x), 02(x), o3(x) € Z[x],
M(z), Ao (), b(z), V(z), up(x), uy () € Rlz],b(0) > 0.
(50)
Specifically, {o;(z)}3_, are further restricted to be sum-
of-squares polynomials, as they will be used to deduce
set containment conditions using the first part of Lemma
7. The value of CBF b(z) is positive at © = 0, which
implies that 0 € Int(B).

(ii) B C S: To enforce this, we introduce o1 (z) € X[z]
and use the first part of Lemma 7. We then obtain

=b(x) + o1(x)s(x) € X[z]. (51)

(iii) %(f)(f(x) + g(x)up(x)) > 0,Va € OB: A sufficient
condition to ensure this is by means of constraint (52).
This involves introducing A;(x) € R[z], and up(z) €
RJz], and considering the second part of Lemma 7.

Ob(x)
ox

(f (@) + g(@)up(z)) + A (2)b(x) € B[z]  (52)

(iv) 252 (/@) + gl@)uv(x) < —ei(x) < 0.¥x €
X\{0}: A sufficient condition to ensure this is by
means of constraint (53). This involves introducing
uy (z) € R[z], o2(z) € X[x], and considering (49) and
the first part of Lemma 7.

oV (x)
ox

(f (@) +g(@)uy (2)) —oa(r)w(x) —e1(x) € Bz].
(53)

(v) V(z) > ea(x) > 0,Vz € X\{0}: A sufficient condi-
tion to ensure this is by means of constraint (54). This
involves introducing o3(x) € X[z], and considering (49)
and the first part of Lemma 7.

V(z) — ea(z) — os(x)w(z) € Z[z]. (54)
(vi) %ﬂ(tz)(f(x) + g(x)up(x)) < 0,Vz € B: A sufficient
condition to ensure this is by means of constraint (55).
This involves introducing up(z) € Rz], and Aa(z) €
R[], and considering the second part of Lemma 7.

V(x)
- oz

(f (@) + g(@)up(x)) = Az (2)b(x) € Ela]. (55)



By incorporating all constraints in (i)-(vi) into one op-
timization (feasibility) problem, we propose the follow-
ing program to design a CBF b(z) and CLF V(x) that
satisfy the relaxed compatibility condition (9).

find {o(z)}_y, {Ni(z)}iy,
b(z),V(z),up(x), uy(z)

subject to constraints (50) — (55). (56)

The following theorem provides guarantees for the solu-
tion of (56).

Theorem 19 Consider Assumption 18, and further as-
sume that a solutwn to (56) exists and is denoted by
{O'i(x) i=1> {/\ ( ) i=1> b(.]f), V(x) 7ub(x)a U'V(x) Then
b(x) is a CBF, V(x) is a CLF, and they satisfy the re-
laxed compatibility condition as per Definition 9..

PROOF. We will prove that: (i) if the solution satis-
fies constraints (50), (51), and (52), then b(x) is a CBF;
(ii) if the solution satisfies constraints (50), (53), and
(54), then V(z) is a CLF; (iii) if the solution satisfies
constraints (50), (52), and (55), then b(z) and V(x) sat-
isfy relaxed compatibility condition. As such, if all con-
straints of (56) are satisfied, all assertions of the theorem
follow.

implies that for any * € R",
—b(z) + o1(x)s(z) > 0, therefore for any z € R”,
—b(z) + o1(z)s(z) > 0. From this, we have for
any * € R”™ such that s(z) < 0, we have that
b(x) < 0. This implies that B C S. Equation (52)
guarantees that for any x such that b(z) = 0,

b(a) = 22 (f(x) + g(a)u(x)) > 0. Thus, b(z) is a CBF.

(ii) Equation (53) implies that for any z € X, V(z) +
e1(xz) < 0. (54) indicates V(x) — ea(x) > 0,Vx € X.
Given that e1(z) and ey(x) satisty (49), we hence con-
clude that V(x) is a CLF.

(i) Equation (51))

(ili) Equations (52), (55) imply that LV + LVuy, <
0, and Lsb + Lgbuy, > 0 for any x such that b(z) =
0. By Definition 9, b(z) and V(x) satisfy the relaxed
compatibility condition. O

Naturally, the CLF V (x) designed by (56) will satisfy the
SCP if uy () has no constant term. The CLF constraint
in (7) with V(z) can satisfy the SCS by using v(z) =
&1 (x)/2

The program (56) cannot be transformed into a semi-
definite program due to the cross-product of the deci-

sion variables, e.g. ab(I) g(x)up(x). One tractable way
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to solve the problem is using an alternating directional
algorithm, which solves the problem by alternating be-
tween the decision variables in iterations to handle bilin-
earities. The bilinearities in (56) come from 2)

o (),
and Ai(x)b(z) in (52); a‘g;x)uv(x), and oq(z)b(z) in

(53); Aa(z)b(x), and %g(ﬂ&)ub(ay) in (55). The deci-
sion variables can be separated into two groups: (i) b(x)
and V' (z); (ii) the others. If either group of variables is
fixed, In the sequel, we will use the superscript ¢ to repre-
sent the corresponding fixed value of a decision variable
at iteration ¢.

Algorithm 1 CLF and CBF design algorithm

Initialization Functions °(z) and V°(z), t = 1.
Output: CBF b(x) and CLF V(z) that satisfy the
relaxed compatibility condition (9)
1: while If (57) or (58) is infeasible do
2:  Fix b'~!(z) and VI~1(z).
Solve (57) for oi(x),
ul (2)).
3:  Fix {\i(2)}2,, ub( x), and ul, (z).
Solve (58) for {o}(z)}?_,, b'(z), and V(z).
4: end while

{)‘t(x) i=1> Ub( ), and

Here we propose Algorithm 1 to design a CLF V(z) and
CBF b(x) that satisfy the relaxed compatibility condi-
tion 9. For initialization, we consider to design a valid lo-
cal CLF V() using the sum-of-squares techniques pro-
posed by [20], and a valid CBF 4°(z) using the methods
proposed by [21]. In the algorithm, there are two main
steps to iteratively solve two programs in each of which
part of the variables in (56) are fixed. At Step 2, we fix
b(z) and V(x) by b'~!(z) and V!~1(x), respectively, to
derive a convex program. For the first iteration ¢t = 1,
bO(z) and VO(x) are obtained by the initialization step.
The program is given by

find oo (2), { N (2)} ), up(2), uy (x))
92(x) € Bla], M () Aala), (), uy (2) € Bl (57a)
P (@) + glayu () + M@ (@) € Dl
(57b)
=V (4a) + gy () -
oa(z)w(z) — e1(x) € X[z], (57¢)

_ W(ﬂx) + g(z)up(x)) — Xo(x)b(x) € Tx].

(57d)

After solving (57) at Step 2, we fix {\;(z)}2_;, up(z) and
uy (x) by {\i(2)}2_,, ul (= ) and u}, (), respectively, and

solve another convex program at Step 3. The program

is given by

find {O—i(x)}?:h b(l’),

Vi(z) (58a)



58h)
—b(x) + o1(x)s(x) € Xx], (58¢)
PAL) (1) + gl ) + A @)bla) € Sla], (580)
=D (1) 1 gty () — oaw)wla) 1) € Sl
(58¢)
V(z) — e2(z) — o3(z)w(x) € x], (58f)
= ) (f0) + glayut (@) — Ny(e)bla)) € ).
(58g)

Programs (57) and (58) are both sum-of-squares pro-
grams; they are transformed into semi-definite programs
and can be solved efficiently by an interior-point method.
The algorithm terminates if both program (57) and (58)
are feasible across the same iteration.

Given a CBF b(z) and a CLF V(x), we can check the
relaxed compatibility by a single SOS program:

find A\ (z), Ao(), u(z) subject to

M (), da(), u(x) € Rlz], (592)
82(;) (f(z) + g(x)u(x)) + M (2)b(z) € £[a],  (59b)
_ 61(;(6:17) (f(2) + g(z)u(z)) — Xo(z)b(z) € S[z]. (59¢)

5 Simulation Results

In this section, we demonstrate the performance of our
designed filter (7) by comparative studies over numerical
examples. To solve the quadratic programming problem
(7) we leverage CVX [22] for MATLAB. For the sum-of-
squares programming problem we use SOSTOOLS v4.03
[23] to formulate the equivalent semi-definite program-
ming problems, then solve these by using Mosek [24].

5.1 Benchmark Case

Consider the same setting as Example 8. The term
B(b(x)) is chosen to be S(b(x)) = tanh(1000b(x)). Re-
laxed compatibility of b(z) and V' (z) can be validated by
solving the proposed compatibility verification program
(59).

In Figure 1 we show trajectories from different initial
points to compare our method (7) with (i) the method
of [8]; (ii) the method of [12], and (iii) the method of [14].
Trajectories generated by our method are almost aligned
with these generated by the method of [8]. The nominal
controller 7(z) is set to zero to minimize the energy con-
sumption in our method, the method of [8] and [14]. To
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® |nitial Points
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Fig. 1. Trajectories of the closed-loop system with different
methods. The black points are initial points, the green set
is the obstacle. The penalty parameter py is set to 100 for
the method of [12], [8], and our method. For the method
of [14], we set € = 0.01 . Our method, [12] and [14] achieve
stabilization from all the initial points except for the top
one, while [8] only achieves inexact convergence. From the
very top initial point, all the trajectories converge to a point
on the boundary of the obstacle. Safety is ensured by every
method.

0.2

T
Our Method
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Fig. 2. Trajectories near the origin, the red ones correspond
to our method, while the green dotted ones correspond to the
method of [8]. All the trajectories of our methods converge
to the origin, while these of [8] converge to the black dots,
which are equilibrium points away from the origin.

achieve local stability, a stabilizing nominal controller
7(x) = [-221, —2x5] " is chosen for the method of [12].
The trajectories generated by our method are almost
aligned with these by [8].

In Figure 2, we amplify the trajectories of our method
and the methods of [8] method near the origin. It can be



observed that our method achieves convergence to the
origin, whilst [8] converges to equilibrium points away
from the origin.

We then compare the filter’s performance for different
methods. Performance is measured by the magnitude of
|[u*(x)||?. Denote the optimal controller obtained from
other methods by u} (with u taking the value accord-
ing to the different alternatives outlined above), and
the one from our method by u*. We conduct 100 ex-
periments, in each of which we randomly pick a point
from B, and calculate the value of the optimal controller
obtained from each method. To enable a comparison,
we set the performance of our filter ||u*(x)||? to be the
base line, and plot the relative performance difference
log(||uz(z)||?/]|u* (x)||?) in Figure 3. It can be seen that
our filter shows a better performance than the method
of [14] and [12], and similar (better in some experiments)
performance as the method of [8]. Only in one experi-
ment [14] exhibits better performance. We evaluate the
controller u*(x) solved by the method of [14] at this
point, find that £V (z) + L,V (z)u*(x) + y(z) > 0.
To have the CLF constraint satisfied for the method
of [14] at this point, a smaller penalty coefficient e, i.e.,
€ = 0.001 is required.

100

Fig. 3. Comparison of filter performance by 100
Monte-Carlo experiments. The vertical axis represents
log(||us(x)||?/||w* (x)||*), while the horizontal axis represents
number of experiments.

5.2 Polynomial System

o [ (0.222 + 0.225 + 1)uy
(

Consider a second-order polynomial system with
1|
i’g —02‘%% + 021’1 + 4)U2
(60)
The safe set is defined as S = {x € R? : % + (v — 1) —
0.25}. The local region is defined as X = —ax% — a3 +

1
xr1 + gxi’ —+ X9
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35¢
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Fig. 4. Phase portrait of system (60) using a CLF V (z) and
a CBF b(x) that satisfy the relaxed compatibility condition.
The controller u*(x) is synthesized by solving (7), using the
designed CLF and CBF. The green set represents the ob-
stacle. The control invariant set B is filled in red while its
boundary curve 0B is highlighted in black. The red arrows
represent the vector field f(x)+ g(z)u”(z). Two trajectories
start from the black rectangle, avoid B¢, and finally converge
to the origin.

100. We first verify the candidate CLF V(z) = 2 T2 for
this system. We have £,V (z) = 4z122 + 2aiz, + 223,
L,V (z) = [0.423 + 0.4z129 + 221, —0.423 + 0.43179 +
8x5]T. At state x; = 0,25 = v/20, we have L,V(x)=0,
LV (z) =40 > 0. By Definition 2, it follows that V()
is not a CLF.

Table 2
Degree of polynomial variables in (56).

o1(x) | M(x) | Xa(x) | oo(x) | o3(x)
2 1 4 8 8
b(z) | V(z) | w(z) | uv(z)
4 10 8 8

Using the Algorithm 1, a CBF b(x) and a CLF V (x) that
satisfy the relaxed compatibility condition 9 can be de-
signed. Degrees of polynomials in (56) are shown in Ta-
ble 2. The sum-of-squares polynomial 1 (z) = e3(x) =
0.1(z% + 22). The control invariant set B and level sets
of V(x) are shown in Figure 4. It can be observed that
the complementary set B¢ is bounded that contains the
obstacle, compatibility can not hold for this b(x) and
V(x). The red arrows in the figure represent vector field
f(@) 4+ g(z)u*(x). On 9B, the arrows all point inwards
B, which reveals control invariance.

We then compare our method with [10], which proposes
a SOS program to design b(z) and V' (z) that satisfy the
strict compatibility condition, following Defition 3. Here
we use the same degrees of polynomials for b(z) and
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Fig. 5. Phase portrait of system (60) using a CLF V (z) and
a CBF b(z) that satisfy the strict compatibility condition
(Definition 3), designed by the algorithm proposed in [10].
The green set represents the obstacle, while the control in-
variant set B is filled in red. The red arrows represent the
vector field f(x) + g(z)u”(x).

V(x), and still consider e1(z) = ea(z) = 0.1(z% + 23).
Using the new b(x), set B is shown in Figure 5. It can be
seen that B is a bounded set, while our method generates
an unbounded control invariant set. For this case, our
method is shown to guarantee safety in a much larger
region.

6 Conclusion

In this paper, we have proposed a novel filter to design a
safe and stable controller given a locally Lipschitz con-
tinuous reference signal. The filter is guaranteed to be
feasible if the CBF and the CLF satisfy a relaxed com-
patibility condition. We have shown that the closed-loop
system is safe, and locally stable at the origin. Any level
set of the CLF that does not intersect with the control
invariant set is guaranteed to be a region of attraction.
By characterizing the closed-form solution of the filter,
we have shown that there are no interior equilibrium
points except for the origin. Moreover, we show that the
designed optimal controller is locally Lipschitz continu-
ous under mild regularity conditions. To obtain a CLF
and CBF that satisfy the relaxed compatibility condi-
tion, we developed a sum-of-squares program for non-
linear polynomial dynamics and a semi-algebraic safe
set. Future work concentrates on analyzing the stabil-
ity properties of the boundary equilibrium points, and
considering control input saturation constraints.
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