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Toward 4-D Trajectory Management in Air Traffic
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Abstract— One of the fundamental elements for the next
generation in air traffic management systems, as envisioned
by the Single European Sky Air Traffic Management Research
Project and the Next Generation Air Transportation System
Project, is 4-D trajectory management. In the contract-based
air transportation system project, a novel concept of operations
based on target windows (TWs) is developed. TWs are 4-D
constraints imposed at different parts of the flight to increase
predictability, efficiency, and safety. In this paper, we use Monte
Carlo simulations and reachability analysis to evaluate some of
these features of the TW concept. We start by using Monte Carlo
methods to estimate the TW hitting probability and the prob-
ability of conflict. We then outline methods and computational
tools based on reachability theory and highlight how they can
be adapted to characterize the maneuvering freedom afforded
by TWs. We also demonstrate how the reachability calculations
can be used to guide conflict resolution in the presence of TW
constraints. Our results indicate that TWs provide a promising
balance between predictability of air traffic and maneuverability.

Index Terms— Air traffic control, conflict resolution, 4-D
trajectory management, hybrid systems, Monte Carlo simula-
tions, optimal control, reachability theory.

I. INTRODUCTION

A IR TRAFFIC is expected to increase rapidly over the
coming decades. This increase is expected to lead to

further departure delays and en-route congestion [1], [2],
which in turn might cause additional safety problems and lead
to an increased number of conflicts compared to the current
situation. A major issue when attempting to deal with this
scenario is uncertainty about the future evolution of flights.
The focus to reduce this uncertainty has shifted toward the so
called 4-D trajectory management, which is widely regarded
as the basis for the next generation in air traffic management
systems envisioned by the Single European Sky Air Traffic
Management Research (SESAR) [3] and the Next Generation
Air Transportation System (NextGen) [2] projects.

The contract-based air transportation system (CATS)
research project [4] proposed one possible implementa-
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tion of the 4-D trajectory management concept, called the
contract of objectives (CoO) [5]. The CoO provides objectives
for each actor involved in a flight (air traffic controllers,
airports, airlines, air navigation service providers), which
represent their commitment to deliver a particular aircraft
inside specific temporal and spatial constraints called target
windows (TWs) [6]. The hope is that the TWs will help to
increase predictability, punctuality, and safety during the flight.
A detailed methodology for the computation of the TWs based
on the constraints imposed by the various actors can be found
in [6], and their importance from an airline perspective is
investigated in [7].

The presence of TWs could potentially increase
predictability, but also imposes additional constraints that air
traffic controllers should respect when issuing conflict
resolution maneuvers. TWs, therefore, represent a tradeoff
between the predictability of flights (which tends to make the
task of air traffic controllers simpler) and their maneuverability
(which tends to make air traffic control more complex). As part
of the validation effort of the CATS project, this tradeoff was
investigated through human in the loop simulations (HIL) [8],
[9]. Even though HIL simulations provide the most realistic
way for the validation of the overall concept, they have several
limitations, most notably their inability to quantitatively assess
the probability of rare events, such as conflicts.

In this paper, we conduct a complementary computational
study of this tradeoff between predictability and maneuver-
ability achieved through TWs. We first use Monte Carlo
simulations to assess the probability of flights meeting their
TW constraints and the probability of conflict under TW
operation in the realistic scale set-up used in the CATS
HIL experiments. Monte Carlo simulations have been used
extensively in air traffic control for optimization purposes
[10], safety verification [11], [12], and to estimate the conflict
probability due to wind uncertainty [13]–[15]. Even though
highly sophisticated Monte Carlo methods [11] are not neces-
sary in our case, since the events of interest have substantial
probability, deployment of Monte Carlo methods still requires
novel developments, such as a feedback controller to emulate
the actions of air traffic controllers and pilots might take to
meet TW constraints. Our results indicate that TW tracking is
feasible even with the current fleet of aircraft, which are mostly
equipped with the so-called 3-D flight management systems
that do not automatically correct for timing deviations.

To assess the maneuvering freedom afforded by TWs, we
propose a novel method based on the solution of a reachability
problem with state constraints, a “reach-avoid” problem in the
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sense of [16] and [17]. In the dynamics and the control liter-
ature, there are already numerous applications where reach-
ability theory has been employed among others to problems
in air traffic management [16], [18], [19], and flight control
[20]–[24]. A common objective in most of these applications is
to design controllers so as to reach a target set while satisfying
state constraints. In the context of viability theory [25], these
sets are known as capture basins [26]–[31]. In the presence of
state constraints, reach-avoid problems for continuous systems
were characterized in [17] as the viscosity solution to a
quasi-variational inequality in the form of [32], based on the
earlier work on unconstrained problems [33], [34]. The case of
competing inputs was also considered in a reachability context
in [35], using the appropriate notion of strategies proposed in
[36]. To solve such problems numerically, algorithms based
on level set methods have been developed [37], [38], and have
been coded in computational tools [39], [40].

In the context of TW-based 4-D trajectory management,
we build on previous work [41], [42], and perform a
reach-avoid computation to construct conflict-free tubes. We
then manually place an artificial TW inside each tube to
initiate a resolution maneuver for each aircraft. Although
not implemented in this paper, an optimization step could be
included here to place the additional TWs in an optimal way
and avoid situations where a subsequent conflict might occur.
Automation in this process is not the main purpose of this
paper though, which aims to illustrate how the maneuvering
bounds determined by the reach-avoid tubes could be used as
a decision support tool for air traffic controllers. The bounds
can also serve as feedback to the TW generation process [6],
to design less conservative TWs.

This paper is organized in five sections. Section II contains
details regarding the modeling of the aircraft, the TWs, and
the TW tracking controller. In Section III, some background
information regarding the reachability analysis is provided, our
simplified assumptions for the hybrid abstraction of the aircraft
dynamics are stated, and the conflict resolution problem is
formulated in the reachability framework. Section IV summa-
rizes the simulation results obtained from the TW concept
evaluation and the conflict resolution algorithm. Finally, in
Section V, we provide some concluding remarks and directions
for future work.

II. MATHEMATICAL MODELING

A. Simulation Environment

Both the continuous dynamics for the aircraft motion and
the discrete events triggered by the FMS and the flight plan,
are described in detail in [43]. Using this as a starting point,
[44]–[46] develop a stochastic hybrid model for the flight
dynamics. Following [43], we consider a six-state, flat earth,
trimmed, point mass model for aircraft dynamics:

ẋ =

⎡
⎢⎢⎢⎢⎢⎢⎣

ẋ
ẏ
ż
V̇
ψ̇
ṁ

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

V cosψ cos γ +wx

V sinψ cos γ +wy

V sin γ +wz

−CD Sρ(z)
2

V 2

m − g sin γ + T
m

CL Sρ(z)
2

V
m sin φ

−ηT

⎤
⎥⎥⎥⎥⎥⎥⎦
. (1)

The states are the cartesian coordinates x and y, the altitude z,
the true airspeed V (i.e., the speed of the aircraft relative to
the surrounding air), the heading angle ψ , and the mass m.
The aerodynamic lift and drag coefficients CD and CL , the
surface area of the wings S, the fuel flow coefficient η, and
the air density ρ(h) are obtained from the base of aircraft data
(BADA) [43]. Let

[
x1 x2 x3 x4 x5 x6

]T = [x y z V ψ m
]T

denote the state variables and notice that the aircraft engine
thrust T , the flight path angle γ , and the bank angle φ, repre-
sent the control inputs in the above set of equations, which,
due to aerodynamic limitations, have to satisfy constraints of
the form T ≤ T ≤ T , γ ≤ γ ≤ γ , ϕ ≤ ϕ ≤ ϕ. The wind

speed vector is denoted by v = [wx wy wz
]T ∈ R

3.
To ensure that the aircraft does not stray too far off its

reference path in the x − y coordinates, the bank angle φ is
set based on the heading error and the cross track deviation
of the aircraft from the reference path. In [47] and [48],
a nonlinear controller was developed to emulate the lateral
corrective actions of the aircraft flight management system.
To counteract for a long track errors, we also implement here
a time of arrival controller, as described in Section II-C.

The stochastic nature of the model developed in [47] and
[48], enters through the wind component v ∈ R

3. The
wind, that an aircraft encounters, comprises a deterministic
component, available through meteorological forecasts, and a
stochastic wind prediction error. The wind prediction error,
that an aircraft encounters, is correlated to the wind experi-
enced by all other aircraft not only at a given time instance,
but also at earlier and later times. By taking this into account,
realistic weather scenarios can be generated as described in
[47] and [48].

The flight management system determines the control input
according to different discrete modes [43]. In the context of
this paper, the main task of the FMS of each aircraft j =
1, . . . , N , is to track the flight plan, which can be thought of
as a sequence of way points. Way points are characterized by
their 3-D coordinates

O(i, j ) =
[

Ox
(i, j ) O y

(i, j ) Oz
(i, j )

]T ∈ R
3+

where i = 1, . . . ,M j . They define M j − 1 straight line
flight segments, and give rise to a discrete state i , which
stores the segment of the flight that aircraft j is currently
in. The decision making logic of the FMS also involves
additional discrete states whose dynamics are expressed in
terms of finite state machines. One example is the flight level,
which is characterized by the altitude z, and determines the
nominal airspeed of the aircraft Vnom. Additionally, the flight
phase (cruise, climb, descent) determines the thrust input T ,
which is set accordingly, to track the nominal airspeed Vnom.
Further discussion and a detailed description of these and other
discrete modes of the FMS is given in [43].

B. From Way Points to TWs

TWs can be considered as space rectangles that each aircraft
must hit within a specified time interval. Following the CATS
concept of operations [6], we assume that the TWs are located
on the boundary between air traffic control sectors, which
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Fig. 1. (a) Superimposed and adjacent TWs placed at the borders between
vertically and horizontally separated control sectors, respectively. (b) Two
flights with their TWs. The first TW of the green flight is superimposed,
whereas all the others are adjacent.

consist of airspace regions where a different control authority
(i.e., air traffic controller) is responsible for the safe and effi-
cient management of flights. If the sectors are superimposed
vertically the TWs are called superimposed, otherwise they
are called adjacent [Fig. 1(a)]. In Fig. 1(b) two sample flights
with their TWs, from the CATS HIL experiments used in
our validation simulations below, are depicted. Motivated by
the procedures adopted for the CATS HIL simulations, we
introduce two assumptions for the TW elements.

1) The center of every TW is always a waypoint in the
flight plan.

2) TWs do not overlap in space and time.

C. TW Tracking Controller

A time of arrival controller was designed to regulate along
track errors and enable the simulated aircraft to meet the
timing constraints imposed by their TWs. Our design is
inspired by [49] and [50], and can be found in detail in [51]. It
aims to mimic the potential actions that air traffic controllers
or pilots may take to track TWs in the simulation environment
of Section II-A. As such, it should not be considered as an
attempt to design a full scale 4-D FMS. Our choices are
partly dictated by observations of air traffic controllers and
pilots that took part in the CATS HIL experiments [8]. The
output of the proposed control scheme is the sum of the
nominal speed (determined by the flight level and retrieved
from [43]) and a correction term Vd(t) = Vnom + K e, where

x2

x3

x1

x4 cos(x5 − θ1)

x4

x4 cos(x5 − θ1) cos(θ2 − γ)

θ1

θ2

O(i+1,j)

O(i,j)

dr

TW center

Fig. 2. Projection of speed x4 along flight plan segment O(i, j) − O(i+1, j) .
Variable dr denotes the distance to the center of the next TW along flight
plan.

e denotes the tracking error as a function of the continuous
state vector of the system, as well as the wind information
and the flight plan. Variable Vd represents the desired speed
that the thrust command will try to track. For simplicity, in the
computation of the tracking error, we assume that the current
airspeed and wind speed is maintained constant throughout
the remaining part of the flight path until the following TW.
Similar assumptions hold also for the current wind speed
value. The tracking error is then defined as

e = dr − (td − t)
(
x4 cos (x5 − θ1) cos (θ2 − γ )+wp

)
(2)

where dr denotes the distance to the center of the next
TW along the flight plan, td is the desired time of
arrival, which in this case was considered to be the middle
of the TWs time interval, and K is a gain. The term
x4 cos (x5 − θ1) cos (θ2 − γ ) is the projection of the speed
x4 along the flight plan (see Fig. 2), and θ1 and θ2 are
defined as

θ1 = tan−1

(
O y
(i+1, j ) − x2

Ox
(i+1, j ) − x1

)

θ2 = tan−1

⎛
⎜⎜⎝

Oz
(i+1, j ) − x3√(

Ox
(i+1, j ) − x1

)2 +
(

O y
(i+1, j ) − x2

)2

⎞
⎟⎟⎠.

The wind speed vectorwp is similarly defined as the projection
of the wind speed vector along the flight plan.

III. DETERMINING THE LIMITS OF MANEUVERABILITY

USING REACHABILITY

Our objective in this section is to determine, for each
aircraft, the limits of maneuverability afforded due to the
presence of TWs. To achieve this, we propose a reachability
based methodology, which is based on computing the set
of states from which an aircraft can start from and reach
its TWs while avoiding conflict with other aircraft. We first
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start by characterizing such reach-avoid problems, since they
are the core of the algorithm proposed in Section III-C.
For the implementation of this algorithm, we describe, at an
intermediate step, how the detailed model of Section II can
be abstracted to allow the use of reachability based numerical
tools.

A. Reach-Avoid Problem Characterization

We first consider the case of static “avoid” sets, which
encode state constraints that do not evolve with time. Moti-
vated by [17], consider the continuous time system ẋ =
f (x, u, v), with x ∈ R

n , f (·, ·, ·) : R
n × U × V → R

n ,
and u ∈ U ⊆ R

m , v ∈ V ⊆ R
p. 1 Let U[t,t ′], V[t,t ′] denote the

set of Lebesgue measurable functions from the interval [t, t ′]
to U, and V, respectively, and let T ≥ 0 to be an arbitrary
time horizon. Also consider the functions l(·) : R

n → R and
h(·) : R

n → R, that will be used to characterize the “reach”
and the “avoid” set, respectively.

Assumption 1: The sets U ⊆ R
m and V ⊆ R

p are compact.
The functions f (x, u, v), l(x) and h(x) are bounded, Lipschitz
continuous in x , and continuous in u and v. Moreover, for all
x ∈ R

n ,
⋃

u∈U f (x, u, v),
⋃
v∈V f (x, u, v) are compact and

convex for all v ∈ V and all u ∈ U, respectively.
For t ∈ [0, T ], u(·) ∈ U[t,T ] and v(·) ∈ V[t,T ], let

φ(·, t, x, u(·), v(·)) : [t, T ] → R
n denote the system trajectory,

which under Assumption 1, is unique for each initial state x .
The last part of Assumption 1 ensures the existence of an
optimal control trajectory, and is only needed to show that the
reachable sets are closed. Following [36], [52], we restrict the
first player to play nonanticipative strategies. A nonanticipative
strategy is a function α : V[0,T ] → U[0,T ] such that for all
s ∈ [t, T ] and for all v, v̂ ∈ V , if v(τ ) = v̂(τ ) for almost every
τ ∈ [t, s], then α[v](τ ) = α[v̂](τ ) for almost every τ ∈ [t, s].
We then use A[t,T ] to denote the class of nonanticipative
strategies.

Consider a closed set R (the “reach” set), and an open set A
(the “avoid” set). Following [17], we relate them to the level
sets of the Lipschitz continuous functions l(·) : R

n → R and
h(·) : R

n → R, i.e., R = {x ∈ R
n | l(x) ≤ 0} and A = {x ∈

R
n | h(x) > 0}. As in [17], we list two reach-avoid problems

of interest that will be used in the reachability calculations of
Section III-C.

1) Reach-Avoid at the Terminal Time: We first determine the
set of initial states R A(t, R, A) for which there exists a choice
for the control inputs such that, for any disturbance, the system
trajectories reach the set R exactly at the terminal time T ,
without passing through the set A over the time horizon [t, T ],
as follows:

R A(t, R, A) =
{

x ∈ R
n | ∃α(·) ∈ A[t,T ], ∀v(·) ∈ V[t,T ],

(φ(T, t, x, α(·), v(·)) ∈ R) ∧ (∀τ ∈ [t, T ],
φ(τ, t, x, α(·), v(·)) /∈ A)

}
. (3)

1Note that x in this case is the state vector and should not be related to the
cartesian coordinate defined in the previous section. Throughout this paper, it
will always be clear from the context to which x we refer.

In [17], the value function V : R
n × [0, T ] → R was

introduced as

V (x, t) = inf
α(·)∈A[t,T ]

sup
v(·)∈V[t,T]

max{l(φ(T, t, x, α(·), v(·))),
max
τ∈[t,T ] h(φ(τ, t, x, α(·), v(·)))}. (4)

It was shown that R A(t, R, A) = {x ∈ R
n | V (x, t) ≤ 0},

and was then proven that V (x, t) is the unique continuous
viscosity solution of the quasi-variational inequality

max{h(x) − V (x, t),
∂V

∂ t
(x, t)

+ sup
v∈V

inf
u∈U

∂V

∂x
(x, t) f (x, u, v)} = 0 (5)

with terminal condition V (x, T ) = max{l(x), h(x)}.
2) Reach-Avoid at Any Time: In addition, we also need to

characterize the set of initial states R̃ A(t, R, A) from which
there exists a choice for the control input such that, for any
disturbance, the trajectories of the system reach the set R at
some time within the time horizon [t, T ] (not necessarily at
the terminal time), without passing through the set A prior to
hitting R

R̃ A(t, R, A) =
{
x ∈ R

n|∃α(·) ∈ A[t,T ],∀v(·) ∈ V[t,T ], ∃τ1

∈[t, T ], (φ(τ1, t, x, α(·), v(·))∈ R) ∧
(∀τ2 ∈[t, τ1],φ(τ2, t, x, α(·), v(·)) /∈ A)

}
. (6)

To characterize this set, in [17] it was shown that for all
t ∈ [0, T ], R̃ A(t, R, A) = {x ∈ R

n | Ṽ (x, t) ≤ 0}, where

Ṽ (x, t) = inf
α(·)∈A[t,T ]

sup
v(·)∈V[t,T]

min
τ1∈[t,T ]

max
{

l(φ(τ1, t, x, α(·), v(·))),
max

τ2∈[t,τ1]
h(φ(τ2, t, x, α(·), v(·)))

}
.

The value function Ṽ (x, t) was proven in [17] to be the
unique continuous viscosity solution of the quasi-variational
inequality

max

{
h(x)− V (x, t),

∂V

∂ t
(x, t)

+ min
{

0, sup
v∈V

inf
u∈U

∂V

∂x
(x, t) f (x, u, v)

}}
= 0 (7)

with terminal condition V (x, T ) = max{l(x), h(x)}.
To solve (5) and (7) numerically, and enforce the constraint

encoded by h(·) on V (x, t) and Ṽ (x, t), one could either use
tools for solving variational inequalities [32], or standard tools
based on level set methods [39]. In both cases, a procedure
known as masking [53] is used.

3) Extension to Time-Dependent State Constraints: The
reach-avoid framework defined so far considers only static
“avoid” sets characterized by a function h(·) : R

n → R. In
general, extension to time-dependant state constraints requires
the following procedure outlined in [54]. For the specific
problem, where the TWs impose a fixed temporal constraint
at the end of each flight segment, such an extension is
straightforward. For the sake of completeness, we describe
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how time-dependant state constraints can be captured, for
general, the class of target hitting problems. Similar to [54], for
t ∈ [0, T ] consider the time-dependent “avoid” set At ⊆ R

n ,
where At characterizes the region of the state space, through
which system trajectories should not pass at time t . We can
now augment the state equations with a timer x̄ , and define the
new state vector x̃ = (x, x̄) ∈ R

n+1 with f̃ = ( f, 1) ∈ R
n+1.

In the augmented space, the “avoid” region can be defined as

A =
⋃

t∈[0,T ]
At × {t}

allowing us to use the formulation of the previous sections,
with x̃ in place of x , and h(·) : R

n+1 → R to characterize A.
Note that x̃ �∈ A is equivalent to x(t) �∈ At for all t ∈ [0, T ].

In the formulation of Section III-C, the “avoid” region
encodes the set of states for each aircraft that might be in
conflict with other aircraft, and therefore it is time dependent.
Hence, for the rest of this paper, we will use h(x, t) to make
this dependency explicit.

B. Model Abstraction

The aircraft and FMS model described so far is adequate
for simulation purposes, but it is computationally expensive to
analyze. Most of the reachability numerical methods are based
on gridding the state space, so the memory and time necessary
for the computation grow exponentially in the state dimension.
Therefore, using a full six-state point mass model of the
aircraft, like the one described in Section II-A, would not be
feasible. To make the reachability computations tractable, we
perform a series of simplifications.

1) We eliminate the speed equation from (1), and use
V as a control input. Using aircraft parameter values
for an airbus A330 cruising at 35 000 ft (taken from
[43]), an aircraft would need ∼16 s to change from
the minimum to the maximum value of the consid-
ered speed envelope (±10% of the nominal one)
under full thrust. In this time, it would cover a
distance of less than 2 km, which is relatively small
compared to the time scale (∼25 minutes) and distances
(∼350 km) of the reachability calculations. This obser-
vation is also supported by a study into the time
scale separation of flight dynamics [23], where speed
is used as control variable in reachability calcula-
tions involving position variables (albeit for a different
class of flight vehicles with very similar dynamics).
In specific cases, however, where the outcome of
the reachability calculations needs to be refined, we
could apply our methodology without performing this
simplification.

2) We assume that the aircraft perfectly tracks the flight
plan laterally. This is not unreasonable since cross-track
errors are, in general, much smaller than along-track
errors [13]; indeed, modern aircraft with an advanced
flight management system laterally track their flight
plan to within ±1 nmi for 95% of the time [55].2

2Note that 1 nmi = 1852 m and 1 ft = 0.305 m.
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Fig. 3. Flight track projections on the x–y axis for one of the flights of
Fig. 11, for 1000 different uncertainty realizations (wind, mass, and entry
time uncertainty, as defined in Section IV-A). The black line is the flight
plan, whereas the red dotted lines correspond to ±1 nmi required navigation
performance values.

For the simulation model outlined in Section II, this
is also justified by inspection of Fig. 3, which shows
a segment of 1000 simulated trajectories for one of the
flights of Fig. 11, corresponding to different uncertainty
realizations, as these will be defined in the next section
(±1 nmi lateral accuracy [55]).

In the notation of [31], the dynamics of aircraft j
can be modeled by a hybrid automaton H j =
(X j , Q j , Init j , f j , Dom j ,G j , R j ), with the following.

1) Continuous states: x j = [s j z j t
]T ∈ R

3+ = X j .
2) Discrete states: i ∈ {0, ...,M j − 1} = Q j .
3) Initial states: Init j = {(i, s j , z j , t) | i = 0, s j = 0,

z j = z j0}.
4) Control inputs: u j = [b j γ j

]T ∈ [−1, 1] × [−γ j , γ j
] =

U j .
5) Disturbance inputs: v = [wx wy wz

]T ∈ V ⊆ R
3.

6) Vector field: f j : Q j × X j × U j × V → X j

f j (i, s j , z j , t, u j , v) =
⎡
⎣

ṡ j

ż j

ṫ

⎤
⎦

where ṡ j = (1+0.1b j )g(z j , γ j ) cos γ j +wx cos�(i, j )+
wy sin�(i, j ), ż j = (1 + 0.1b j )g(z j , γ j ) sin γ j +wz and
ṫ = 1.

7) Domain: Dom j = {(i, s j , z j , t) | s j ≤ d(i, j )}.
8) Guards: G j (i, i + 1) = {(s j , z j , t) | s j ≥ d(i, j )}.
9) Reset map: R j (i, i + 1, s j , z j , t) = {(0, z j , t)}.
The schematic diagram of Fig. 4 illustrates the modes of

the hybrid automaton for the simplified aircraft model.
For each aircraft j , �(i, j ) denotes the angle that the

segment i forms with the x axis, and (i, j ) the flight path
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⎡
⎢⎢⎣

ṡj

żj

ṫ

⎤
⎥⎥⎦=fj(i, xj , uj , v)

⎡
⎢⎢⎣

ṡj

żj

ṫ

⎤
⎥⎥⎦=fj(i, xj , uj , v)

⎡
⎢⎢⎣

ṡj

żj

ṫ

⎤
⎥⎥⎦=fj(i, xj , uj , v)

sj := 0 sj := 0sj := 0

segment 1 segment 2 segment 3

sj ≥ d(1,j) sj ≥ d(2,j)

. . .

sj ≤ d(1,j) sj ≤ d(2,j) sj ≤ d(3,j)

Fig. 4. Hybrid automaton for the simplified aircraft model. Each discrete
mode corresponds to the flight segment that the aircraft is currently in.

angle that it forms with the horizontal plane (Fig. 5). For
i = 1, . . . ,M j − 1, we can define

�(i, j ) = tan−1

(
O y
(i+1, j ) − O y

(i, j )

Ox
(i+1, j ) − Ox

(i, j )

)

(i, j ) = tan−1

(
Oz
(i+1, j ) − Oz

(i, j )

d(i, j )

)

where d(i, j ) =
√
(Ox

(i+1, j ) − Ox
(i, j ))

2 + (O y
(i+1, j ) − O y

(i, j ))
2 is

the length of the projection of segment i on the horizontal
plane. Since we assume that lateral tracking is perfect, it
suffices to track the distance of each segment covered on the
horizontal plane, denoted by s j ∈ R+ in Fig. 5. The cartesian
coordinates can be then computed by

[
x(i, j )(s j )
y(i, j )(s j )

]
=
[

Ox
(i, j )

O y
(i, j )

]
+
[

cos�(i, j )

sin�(i, j )

]
s j .

To approximate accurately the physical model, the flight path
angle γ j is fixed according to the angle (i, j ) that the segment
forms with the horizontal plane. If (i, j ) = 0 the aircraft will
be cruising (γ j = 0) at that segment, whereas if it is positive
or negative it will be climbing (γ j ∈ [0, γ j ]) or descending
(γ j ∈ [−γ j , 0]), respectively.

As discussed in Section II-A, the nominal airspeed of the
aircraft depends on the flight level and whether the aircraft is
climbing, cruising, or descending. We approximate this depen-
dence by a linear interpolation of the speed-altitude values of
[43], denoted by the function g(z j , γ j ). In general, aircraft
fly faster at higher altitudes, hence g(·, γ j ) is a nondecreasing
function. For our simulations, assume that the actual airspeed
(treated as a control input in the simplified model) is allowed
to vary within ±10% of the nominal one; this is reflected by
the control input b j ∈ [−1, 1].

Apart from s j , the other two continuous states are the
altitude z j and the time t . The last equation was included
in order to track the TW temporal constraints. As already
stated, the wind speed v is assumed to act as a bounded
disturbance with −v ≤ v ≤ v . For our simulations, we
considered v = 12 m/s, corresponding to 3σ of the values
in [46]. Since the flight path angle γ j does not exceed 5◦, for
simplicity, we can assume that sin γ j ≈ γ j and cos γ j ≈ 1.

The constraint set for each aircraft j (corresponding to
the TW located at O(i, j )) can be then defined as K j =
(d(i, j ), [z(i, j ) + z(i, j ), z(i, j ) + z(i, j )], [t j , t j ]) if the TW is
adjacent (z(i, j ), z(i, j ) denote the extremities of the TW in

way point

Global Coordinate Frame

xj

yj

O(i−1,j)

O(i+1,j)

O(i,j)

Ψ(i,j)

d(i,j)
sj (x(i,j)(sj), y(i,j)(sj))

ith segment

(a)

way point

ith segment

O(i−1,j)

O(i+1,j)

O(i,j)

zj

zj

sj

Γ(i,j)

(b)

Fig. 5. (a) Flight plan projection on the horizontal plane. The aircraft does
not deviate from the nominal flight plan due to the simplifying assumption
of constant heading angle at each segment. (b) Flight plan projection on the
z-s plane.

the vertical direction), and K j = ([d(i, j ) + s(i, j ), d(i, j ) +
s(i, j )], z(i, j ), [t j , t j ]) if the TW is superimposed (s(i, j ), s(i, j )

denote the extremities of the TW along the s direction). By
t j and t j , we denote the temporal extremities of the TWs.
Note that using this abstracted version of the model, TWs
are represented as line segments. This is used only for the
reachability calculations of Section IV-C, whereas for the
Monte Carlo analysis of Section IV-B and the CATS HIL
experiments, the initial TW representation is employed.

C. Reach-Avoid Tubes for TW Tracking and Conflict
Avoidance

In air traffic, conflict refers to the loss of minimum sepa-
ration between two aircrafts. Each aircraft is surrounded by a
protected zone, which is generally considered as a cylinder of
radius 5 nmi and height 2000 ft centered at the aircraft. If this
zone is violated by another aircraft then a conflict is said to
have occurred.

We now show how the problem of meeting TW constraints
while avoiding conflicts can be formulated as a reach-avoid
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problem. Note that, even though the simplified model is strictly
speaking hybrid, the discrete modes are visited sequentially.
Hence, we can perform a sequential calculation involving only
the continuous dynamics, treating the initial set computed for
each flight plan segment as the terminal condition for the
previous segment. In the opposite case, the assumptions and
algorithm proposed in [31] should be followed instead. For
the rest of this paper, we will refer to the computed sets as
reachable tubes.3 Similar to the definition of the set K j , we
define, for each aircraft j , the spatial constraints of a TW
centered at the way point O(i, j ) as R̃ j = (d(i, j ), [z(i, j ) +
z(i, j ), z(i, j )+z(i, j )]) if the TW is adjacent, and R̃ j = ([d(i, j )+
s(i, j ), d(i, j )+s(i, j )], z(i, j )) if the TW is superimposed. Let also
[t j , t j ] denote the temporal extent of R̃ j .

Stage 0: For each aircraft j , apply the procedure outlined in
Stage 1 and 2 without “avoid” regions. Thus, we can compute
the reachable tubes for each aircraft and identify for every time
instance the states that correspond to conflicting situations.
Specifically, for t ∈ [t j , t j ], let Ã j i,t denote all states x j for
which the aircraft j is in conflict with another aircraft i �= j at
time t , and use h j i (x j , t) to characterize this set. We can then
define the obstacle function h j (x j , t) = maxi �= j h j i (x j , t) to
characterize the “avoid” region Ã j,t = ⋃i �= j Ã j i,t , capturing
the case of multiple conflicts. Similar calculations for t ≤ t j
give rise to the “avoid” region A j,t . Note that by defining any
region of conflict as an “avoid” set for all involved aircraft may
be conservative; if an automated conflict resolution procedure
is employed the conservatism of the resulting solution may be
reduced.

Stage 1: Compute for each aircraft j , the set R j of states
x j at time t j (beginning of TW) from which there exists a
nonanticipative strategy for the control input that for all wind
realizations can lead the aircraft inside R̃ j at least once within
the time interval [t j , t j ], while avoiding conflict with other
aircraft. This is a reach-avoid at any time calculation. The
corresponding set R̃ A j (t, R̃ j , Ã j,t ) is the zero sublevel set
of Ṽ , which is the solution of

max

{
h j (x j , t)− Ṽ (x j , t),

∂ Ṽ

∂ t
(x j , t)

+ min
{

0, Hij (p, x j )
}}

= 0

where

Hij (p, x) = sup
v∈V

inf
u j ∈U j

(
p1(1+0.1b j)g(z j , γ j )+ p2(1 + 0.1b j )

× g(z j , γ j )γ j + p1 cos�(i, j )wx + p1

× sin�(i, j )wy + p2wz

)

is the Hamiltonian of the system, with u j = [b j γ j
]T and

v = [wx wy wz
]T . Since TWs do not overlap, the terminal

condition is Ṽ (x j , t j ) = l j (x j ). The function l j (·) can be set

3Using the terminology of [56], the outcome of the first stage of the
proposed methodology should be referred to as reachable tubes, whereas the
outcome of the second stage should be referred to as reachable sets.

equal to the signed distance to the set R̃c
j

l(x j ) =
{

inf x̂ j ∈R̃ j
|x j − x̂ j |, if x j ∈ R̃c

j

− inf x̂ j∈R̃ j
|x j − x̂ j |, if x j ∈ R̃ j .

Similarly, h j (·, t) is defined to be the signed distance to the
set Ã j,t that was computed at Stage 0. The functions l j (·) and
h j (·, t) are Lipschitz by construction; to ensure that they are
bounded and satisfy Assumption 1, we saturate them at their
Lipschitz constants by setting them equal to their Lipschitz
constant wherever they are greater than this value and minus
the Lipschitz constant wherever they are less than this value.
For the numerical implementation, this is not an issue since
the computations are performed over compact sets.

Stage 2: Compute for each aircraft j , the set of all states at
time t ≤ t j for which there exists a nonanticipative strategy
for the control input such that for all wind realizations the
system can reach the set R j (determined at Stage 1) at time
t j , while avoiding conflict with other aircraft. Based on the
analysis of Section III-A, this is a reach-avoid at the terminal
time set R A j (t, R j , A j,t), and can be computed by solving

max

{
h j (x j , t)− V (x j , t),

∂V

∂ t
(x j , t)+ Hij (p, x j )

}
= 0

with V (x j , t j ) = max{Ṽ (x j , t j ), h j (x j , t)}. Based on
the computation of Stage 1, the set R j = {x j ∈
R

n| Ṽ (x j , t j )) ≤ 0}, whereas A j,t depends once again on
the obstacle function h j (x j , t), and is defined similar to Ã j,t .

The optimal control and disturbance inputs needed in the
calculation can be analytically computed by inspecting the
Hamiltonian of the system for each segment i . The optimal
value for wx is therefore given by

w∗
x =
{
wx if p1 cos�(i, j ) ≥ 0

−wx if p1 cos�(i, j ) < 0.

In a similar way, we can define w∗
y and w∗

z . Likewise, and
since (1 + 0.1b j )g(z j , γ j ) > 0, we have

γ ∗
j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γ j if (p2 ≤ 0 ∧ (i, j ) > 0)

0 if (p2 > 0 ∧ (i, j ) > 0)

∨(p2 ≤ 0 ∧ (i, j ) < 0)

−γ j if (p2 > 0 ∧ (i, j ) < 0)

b∗
j =
{

1 if p1 + p2γ
∗
j ≤ 0

−1 if p1 + p2γ
∗
j > 0.

For the case where (i, j ) = 0 (cruising), b∗
j = 1 if p1 ≤ 0 and

b∗
j = −1 if p1 > 0. Note that the resulting control inputs are

not only nonanticipative, but also feedback, since they depend
only on the state of the system via the costate vector p =
∂V/∂x j .

The steps of the reach-avoid computation for each aircraft j
are summarized in Algorithm 1. In Section IV-D, we will show
how this method can be used to advise air traffic controllers
whether the introduction of an additional TW (e.g., in case
of conflict), changing the flight plan laterally and longitudi-
nally, is safe and feasible with respect to the existing TW
sequence.
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Algorithm 1 Reach-Avoid Computation for Each Aircraft j
1: Let [t j , t j ] denote the TW temporal constraints of aircraft j ,
2: Stage 0. � Solve from t = t j until the previous TW:
3: for t ∈ [t j t j ]
4: Solve ∂ Ṽ

∂ t (x j , t)

+ min{0, supv∈V infu j ∈U j
∂ Ṽ
∂x j

(x j , t) f j (x j , u j , v)} = 0,

5: with boundary condition Ṽ (x j , t j ) = l(x j ),
� it was assumed that TW do not overlap

6: for i �= j
7: C ji = {x j | i, j are in conflict at time t},
8: Define h j i (x j , t) : Ã j i,t = {x j | h j i (x j , t) > 0} ⊇ C ji

is the smallest box containing C ji .
9: end for

10: if Ã j,t =⋃i �= j Ã j i,t �= ∅ � multiple conflicts.
11: h j (x j , t) = maxi �= j h j i (x j , t), � characterizes Ã j,t .
12: end if
13: end for
14: for t ≤ t j
15: Solve ∂V

∂ t (x j , t)
+ supv∈V infu j ∈U j

∂V
∂x j

(x j , t) f j (x j , u j , v) = 0,

16: with boundary condition V (x j , t j ) = Ṽ (x j , t).
17: Repeat steps 6 − 12 and compute A j,t .
18: end for
19: Stage 1. � For t ∈ [t j t j ] repeat steps 4 − 5 and compute Ṽ (x j , t).
20: if Ã j,t �= ∅
21: Ṽ (x j , t) = max(h j (x j , t), Ṽ (x j , t)).

� performs the masking operation of Section III-A.
22: end if
23: Stage 2. � For t ≤ t j repeat steps 15 − 16 and compute V (x j , t).
24: Repeat steps 20 − 22 with V instead of Ṽ and avoid region A j,t .

IV. SIMULATION RESULTS

A. Simulation Set-Up

We consider 50 flights with 117 TWs whose mean temporal
size is ∼ 7 minutes, extracted from the HIL experiments
conducted within the CATS project [8]. The HIL experiments
concentrated on the interface between the Geneva and Milan
control centers. Each of the flights used comes with a flight
plan, coordinates for the TW extremities, and the time width
of each TW. For illustrative purposes, Fig. 6 gives an overview
of the simulated flights and the geographical area of interest.

In [9], no time of arrival controller was used, whereas the
following four different sources of uncertainty are considered
and their effect on the TW size and the probability of conflict
was analyzed by means of Monte Carlo simulations.

1) Wind uncertainty: We used the weather forecast error
statistics of [57], as encoded for simulation in [47] and
[48].

2) Aircraft mass uncertainty: We assumed a Gaussian
distribution, with mean equal to the nominal aircraft
mass mnom provided by BADA [43] and standard devi-
ation σ = min{mmax − mnom,mnom − mmin}/3. All
samples outside the minimum and maximum value of
the aircraft mass (mmin and mmax, respectively, based
on BADA) were discarded.

3) Entry time uncertainty: We considered a uniform distrib-
ution between ±1 minute from the center of the temporal
interval of each aircraft’s entry TW. Note that the
range of values for the entry time uncertainty is less
than the width of many TWs, to take implicitly into

Fig. 6. Flight plan overview in the simulated airspace of the 50 simulated
flights extracted from the HIL experiments.

account the effect of speed adjustments by the air traffic
controllers.

4) Nominal speed uncertainty: We assumed a uniform
distribution between ±6% of the nominal speed value
(not the actual one as in Section III-B), provided by
BADA [43]. This range of values was dictated by the
air traffic controllers that participated in the CATS HIL
experiments. The extracted value was kept constant for
every minute, and then a new sample was generated. It
provides a naïve way of representing speed adjustments
that air traffic controllers and/or pilots might perform.
Subsequently, this source of uncertainty will be replaced
by the more sophisticated time of arrival controller of
Section II-C.

The analysis of [9] implies that uncertainty in the wind and
at the time, an aircraft enters the controlled sector plays a
major role both in the TW hitting and the conflict probability.
If wind is the only uncertainty source, its effect on the TW
hitting probability distribution is still major, since the outcome
of our simulation-based study would differ significantly from
the deterministic case. Nevertheless, our results suggest that
if wind is the only uncertainty source, the TWs used for the
CATS HIL experiments [8] are rather conservative, as in many
cases their size can be significantly reduced without a negative
impact on the probability of meeting the TW constraints. This
is not the case though when there is uncertainty on the time
an aircraft enters the controlled sector, where more generous
TW values are needed. This is reasonable, since an initial
time deviation may lead to accumulate time errors, and hence
the aircraft might violate subsequent TW constraints. This
motivates the use of a time of arrival controller bellow, to
avoid accumulating temporal deviations when moving from
one TW to the next.

Motivated by these results, we concentrate on the case
where both wind, mass, and entry time uncertainty is present,
taking into account the two most important sources of uncer-
tainty. In Section IV-B, we investigate the effect that the use
of a time of arrival controller might have on the TW size
and the probability of meeting the TW requirements. Finally,
for the same scenario and for the flights that were found
to be in conflict with high probability, in Section IV-C we
apply the proposed reachability based algorithm to assess the
limits of maneuverability that can be exploited to resolve the
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Fig. 7. Probability of missing each TW in space (red dots) and time
(green diamonds). The results are based on 1000 Monte Carlo simulations
corresponding to different uncertainty realizations (wind, mass, and entry time
uncertainty); they are always more likely to violate the temporal instead of
the spatial requirements of each TW. The flights are sorted based on their
departure time, and, for each flight, TWs are listed according to the sequence
in which they occur. The red dots indicate the probability of violating the
spatial requirements of the TW constraints, whereas the green diamonds
indicate the probability of missing a TW in time.

conflict while preserving the existing TW requirements. To
illustrate how the algorithms developed here could be used for
conflict resolution, we select by hand additional TWs within
the maneuverability limits and demonstrate using Monte Carlo
simulation that they indeed resolve the conflicts.

B. Impact of the Time of Arrival Controller on the TW Size

Considering wind, mass, and entry time uncertainty, and
in the absence of time of arrival control, we attempt first to
identify the probability of missing a TW in space and time,
using 1000 Monte Carlo simulations for the 117 TWs of the
simulated flights (Fig. 7). Fig. 7 shows that it is always more
likely to violate the temporal, instead of the spatial, constraints
of the TWs (some TWs are almost always missed in time).
This is mainly due to the fact that TWs were designed for the
HIL experiments and are rather generous in space [6] to leave
enough maneuvering freedom to air traffic controllers in case
they need to issue resolution maneuvers.

In view of determining the effect of the time of arrival
controller on TW hitting probability and the TW size (mainly
the temporal component due to the implications of Fig. 7),
Fig. 8(a) and (b) correspond to the uncontrolled case, whereas
Fig. 8(a) and (d) shows the results when the time of arrival
controller was used. Each bar in Fig. 8(a) and (c) corresponds
to a different TW time width (as a percentage of the nominal
one), and its height indicates the corresponding TW hitting
probability. Note that all TWs were reduced by the same
fraction, shown on the horizontal axis of Fig. 8(a) and (c). In
both cases, the probability of meeting the TW requirements is
decreasing as we reduce the TW width. From a comparison
though between Fig. 8(a) and 8(c), it is clear that by using
a time of arrival controller we can achieve a very high TW
hitting probability, even if we reduce the TWs time width to
50% of its initial value. This was not the case though in the
uncontrolled scenario [Fig. 8(a)], where a significant reduction
in the TW hitting probabilities was obtained. Note that the
TWs time width is an indication though of how predictable a
flight is; very tight intervals increase predictability on the one
hand, but lead to smaller reachability envelopes on the other
hand (less maneuverability).
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Fig. 8. (a) TW hitting probability with wind, mass, and entry time uncertainty,
with all TWs reduced to a percentage of their original temporal size without
time of arrival control. (b) TW size indicator with wind, mass, and entry time
uncertainty, and without time of arrival control. (c) TW hitting probability with
wind, mass, and entry time uncertainty, with all TWs reduced to a percentage
of their original temporal size, using time of arrival control. (d) TW size
indicator with wind, mass, and entry time uncertainty, using time of arrival
control.

This is also implied by the distributions of Fig. 8(b) and (d),
which show the TW size indicator. This is defined as the ratio
of the spread of the TW hitting time distributions over the
time width of each TW, and hence gives an indication of
what the potential temporal size of the TW can be. The lower
this value, the more the width of the TW can be reduced. In
the case where a time of arrival controller is used, this ratio
shifts to lower values [Fig. 8(d) compared to Fig. 8(b)], so
the time width of the TWs can be reduced significantly. The
spread of the TW hitting time distribution was calculated as
the difference between the extreme TW hitting times, whereas
to avoid outliers, the distribution could have been truncated at
certain values. Note that a TW size indicator value less than
one does not necessarily imply that the probability of missing
this TW is zero. It could be the case that the TW hitting
distribution is not contained in the TW (hence the TW hitting
probability is less than one), but its spread is less than the
TW’s time width (TW size indicator less than one). In such
cases, the corresponding TWs should be shortened and also
shifted in time. For a better understanding, Fig. 9 illustrates
the minimum and maximum TW hitting times (denoted by
the extremities of the blue and red bars, respectively) relative
to the TW center. Specifically, the average reduction in the
TW hitting time spread is ∼1.41 minutes and the standard
deviation is σ = 1.04 (the minimum and maximum reduction
was 0.08 and 7.37 minutes, respectively). Note that the width
of the region where the TWs overlap with the spread of the
blue (red) bars (as a percentage of the TWs time width), does
not necessarily indicate the probability of hitting the TWs in
time, as this is shown in Fig. 7. This is due to the fact that the
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Fig. 9. Minimum and maximum TW hitting times for each TW, relative to
the TW center. For visualization purposes, all TW are shifted so that they are
centered to zero. The red bars (with point extremities) correspond to the case
where time of arrival control is used, whereas the blue bars (with diamond
extremities) depict the uncontrolled case; the extremities correspond to the
minimum and maximum TW hitting times. As a result of the improvement
afforded by the use of time of arrival control, the spread of the red is less than
the one of the uncontrolled case. The black crosses denote the extremities of
the TW’s time width, as this was designed for the CATS HIL experiments.
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Fig. 10. Conflict probability distribution after 1000 Monte Carlo simulations
for the case where uncertainty in the wind, the mass, and the time an aircraft
enters the control sector are considered. (a) Without time of arrival control.
(b) With time of arrival control.

extremities of each bar might correspond to outliers, and the
probability distribution might be skewed differently. The actual
TW hitting probability distributions for some of the simulated
TW can be found in [9].

C. Reachability Calculations

For the 50 simulated flights, we performed conflict detection
so as to identify the flights with high conflict probability.
We considered the case where wind, mass, and entry time
uncertainty are present, and carried out 1000 Monte Carlo
simulations with and without time of arrival control. Fig. 10(a)
depicts the conflict probability distribution for the case where
no time of arrival control is used. We encountered a median
of ten conflicts, whereas if a time of arrival controller is
employed, the median number of conflicts is reduced to seven
[see Fig. 10(b)]. In general, using a time of arrival controller
improves the punctuality of the flights with respect to their
schedule and reduces the along track error, but does not
necessarily lead to a lower number of conflicts.

Based on the conflict statistics of Fig. 10(b) (with time
of arrival control), we selected the pairs of flights that are
most likely to be involved in a conflict, and carried out the
reachability computation outlined in Section III for them.
Fig. 11 illustrates the two flights most likely to be in conflict
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Fig. 11. (a) Flight plans for a two aircraft scenario. The red and blue
rectangles represent the TWs of each flight. (b) Flight plan top view for
the same two aircraft case. Note that for the reachability calculations, the
projection of the TWs on the horizontal plane is line segments, which are
aligned with the flight plan.

close to their third way point. The TWs are centered at the
last way point of each flight plan. For comparison purposes,
Fig. 12(a) and (b) shows a snapshot of the two-stage backward
reachability computation, i.e., if the avoid region is the empty
set. The tubes at this figure include all the states that each
aircraft could start from and fulfill its TW constraints, ignoring
for the time being the fact that there may be conflicts along
the way. Since aircraft fly faster at higher flight levels, there
are more states that can reach each TW at high altitudes. The
numerical values next to the way points in Fig. 12(b) indicate
the corresponding altitude. Note that the x-y projection of the
reachable tubes coincides with the projection of the flight plans
on the horizontal plane [Fig. 11(b)], since in the hybrid model
we assumed perfect lateral tracking.

Fig. 12(c) shows the same set, after removing all points
where the two aircrafts are in conflict at some time instance.
For each aircraft j , the hole around the intersection point is the
union of all “avoid” regions A j,t . For a better understanding,
Fig. 13 shows the reach-avoid tubes on the s − z plane, as
well as the time evolution of the conflict zone of each aircraft
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Fig. 12. (a) Backward reachable tubes, including all states from which
each aircraft can reach its TW. (b) Projection of the reachable tubes on
the horizontal plane. The values next to the way points indicate the corre-
sponding altitude. (c) Conflict zone including all states that are in conflict at
some time instance, calculated based on the minimum separation standards.
(d) Reach-avoid tubes calculated via Algorithm 1. The black lines correspond
to sample simulated trajectories, after introducing an artificial TW.

for four time instances separated by 3 minutes. These sets
can be thought of as level sets of the time-dependent obstacle
function h j (x j , t) at four different time instances.

Fig. 13. Reach-avoid tubes and time evolution of the conflict zone for the
aircraft of Fig. 12 in the s − z plane, for four time instances separated by 3
minutes. The green regions denote the conflict zones, whereas the numbering
indicates the sets of states for each aircraft that are in conflict at the same
time instance. The dotted rectangles denote the boundary of the conflict zone
for each aircraft of Fig. 12(c) on the s − z plane.

By applying now the reach-avoid approach of Section III-C,
we can construct the conflict free tubes of Fig. 12(c). As
expected, the set of states that could reach the target while
avoiding conflict with the other aircraft, excludes the conflict
zone of Fig. 12(c), as well as all other states that would end
up in this zone for some wind realizations irrespective of the
control inputs of the hybrid automaton.

The reach-avoid tubes provide an indication of the locations
where aircraft can be and avoid conflict while meeting their
TW constraints. An air traffic controller can then use this
information to reroute the flight. To illustrate how this can be
done, we place an artificial TW inside the reach-avoid tubes
of Fig. 12(d) by hand.

An air traffic controller could do something similar given
the information generated by the reachability calculation. They
could also issue standard maneuvers, e.g., vectoring or flight
level changes, leading to changes in the flight plan. In this case,
the reachability calculation can be repeated for the new flight
plan providing feedback to the air traffic controller whether
the proposed maneuver resolves the conflict and respects the
existing TW constraints. The updated flight plan with the
new TW sequence is imported in the detailed simulation
environment of Section II-A and is tracked by the FMS, which
is equipped with the time of arrival controller of Section II-C.
We then run Monte Carlo simulations considering again uncer-
tainty in the wind, the mass, and the time an aircraft enters
the control sector, to evaluate the effect of this action had on
the probability of conflict.

We applied this procedure to the three pairs of flights with
the highest conflict probability, but any conflict resolution
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TABLE I

PROBABILITY OF CONFLICT

Prior to Resolution After Resolution

Case 1 100% 0%
Case 2 100% 0%
Case 3 99% 15%
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Fig. 14. Time evolution of the horizontal and vertical separation between the
two aircrafts of Fig. 11 for different uncertainty realizations, before and after
the proposed resolution maneuver (left and right panels, respectively). The red
line segments correspond to time instances where a conflict is encountered,
whereas green lines represent cases where a safe separation is achieved.
The blue dotted lines indicate the minimum distance values that ensure safe
separation.

algorithm from the literature could have been used instead
to identify dangerous encounters. The results are summarized
in Table I. Case 1 corresponds to the two aircrafts example of
Fig. 12, where one of the aircraft was rerouted by placing a
2 minute TW at the position shown in Fig. 12(d). The black
lines in Fig. 12(d) represent 20 sample simulated trajectories
(out of 1000 Monte Carlo simulations), which correspond
to different uncertainty realizations. For the case where no
resolution was performed, the simulated tracks follow closely
the nominal flight plans, deviating slightly at the “climb” and
“descent” phase as expected. In the case where a maneuver is
initiated, all simulated trajectories pass from the artificial TW
and no conflict occurs. Fig. 14 shows the time evolution of the
horizontal and vertical separation between the two aircrafts for
different uncertainty realizations, before and after the proposed
resolution maneuver (left and right panels, respectively). After
the resolution maneuver of Fig. 12(d), no conflict is encoun-
tered.

Despite the fact that the reachability analysis assumed
a worst case setting, with the wind acting as a bounded
disturbance input, the probability of conflict in case 3 of
Table I is not reduced to zero. This is justified by the fact
that the rerouted track was computed based on the reach-avoid
tubes, which include only bounded wind uncertainty, whereas
the maneuver was executed on the detailed simulator of
Section II, and in the presence of wind, mass, and entry time
uncertainty.

D. Computational Issues

All simulations were performed on an Intel(R) Core(TM)2
Duo 2.66 GHz processor running Windows 7. The reachability

calculations were implemented using the level set method
Toolbox [53] (version 1.1) on MATLAB 7.10. Since the
terminal sets (the TWs) are small compared to the simulated
space, a 501 × 501 grid was used initially to avoid degeneracy.
When the sets had increased enough, the grid was changed to
251 × 251 to increase the computational efficiency. Specifi-
cally, for the two aircrafts example (25 minutes of flight) of
Fig. 12, 8.22 minutes were needed to complete the reachability
computation, whereas the memory usage of MATLAB was
744 MB. The Monte Carlo simulations of the 50 flights of
Fig. 6 were carried out in the detailed simulation environment
of Section II-A, which is coded in JAVA, with a MATLAB

interface. Every simulation (for all flights) required ∼9.3 s,
and ∼2 MB memory.

V. CONCLUSION

In this paper, a novel concept for 4-D trajectory management
in air traffic control, based on the notion of TWs, was
evaluated via Monte Carlo simulations in terms of the TW
hitting and conflict probability. An abstraction of the aircraft
dynamics was performed, and a reachability based algorithm
to compute the maneuvering bounds of each aircraft in the
presence of TW constraints was developed and tested via
Monte Carlo simulations. A resolution procedure was then
carried out, based on placing artificial TWs on the reach-avoid
tubes. Indeed, the TW placement was effectively done by hand,
showing how an air traffic controller could make use of the
information provided by the reachability calculation.

In the current implementation, no optimization was
employed when placing the artificial TWs in the reach-avoid
tubes. Moreover, we treated each conflict pair separately
without considering the possibility that the resolution
command causes subsequent conflicts. For a more realistic
implementation, vectoring commands should also be taken
into account. We do not propose a conflict resolution
algorithm per se, this is the topic of future work.
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