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1. Introduction

Multi-stage optimal control problems arise in many appli-
cation areas. Using dynamic programming (DP) to solve these
problems is mostly restricted to low-dimensional problem in-
stances, since high-dimensional state and action spaces prohibit
direct computation of the value function of the DP due to the
so-called “curse of dimensionality”.

Numerous approximation approaches have been proposed in
the literature. To classify our work, it is illustrative to categorise
these approaches by two characteristics, namely whether they
were designed to be used for problems with either continuous or
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Fig. 1. Schematic grouping of selected approximate DP literature based on how
general-purpose or problem-specific the approaches are and if they are limited
to a discrete or continuous state space.

discrete states and whether they are rather agnostic or exploita-
tive with regards to particular mathematical structures in the
underlying problem. We schematically lay out some well-studied
methods from the literature in Fig. 1.

One of the most general and widely used approaches is to
model the value function of the DP as a linear combination of
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basis functions, which are sometimes also called features (Powell,
2007, Chapter 8.2). Approximation of the value function then
reduces to the problem of estimating the weight coefficients of
the linear combination. While this approach is very flexible, it
might not be obvious which and how many basis functions should
be chosen for a particular problem at hand.

A more structured way to solve such an approximate DP
formulation is given by the linear programming approach to
approximate DP (de Farias & Van Roy, 2003), which was originally
devised for finite state and action spaces. The general idea is to
change the Bellman equation of the DP by an epigraphic reformu-
lation into a linear program, where the Bellman equation appears
as a constraint for each state and action pair. Consequently,
the number of constraints is often prohibitively large even for
problems with finite state and action spaces, but sampling a
large enough number of these constraints may be sufficient to
generate a good enough solution for the particular problem at
hand de Farias and Van Roy (2004). The same strategy is also
exploited in Kariotoglou, Summers, Summers, Kamgarpour, and
Lygeros (2013) and Mohajerin Esfahani, Sutter, Kuhn, and Lygeros
(2018) to turn semi-infinite programs arising in case of infinite
state and actions spaces to finite ones. Still, the quality of the
approximation once again hinges on the need to choose suitable
basis functions.

Certain structures of the value function can simplify the pro-
cess of selecting basis functions. For example, if the value func-
tion of a DP over continuous states is convex,! then stochastic
dual DP provides an alternative to the above-mentioned approxi-
mate DP techniques (Pereira & Pinto, 1991; Shapiro, 2011). The
main objective is to under-approximate the value function by
the pointwise maximum of a finite number of hyperplanes in
the state space for all time steps in the DP. These hyperplanes
are added iteratively by first generating an approximately opti-
mal sample path of states forward in time and then adding a
hyperplane at each time step along this sample path backward
in time, which refines the value function along this sample path.
Variants of this algorithm have also been developed for systems
with piecewise-quadratic value functions (Warrington, Beuchat,
& Lygeros, 2019).

Further developments of stochastic dual DP are concerned
with discrete state systems (Zhang & Sun, 2019; Zou, Ahmed,
& Sun, 2019). While exploiting convex problem structure and
bi-passing the need to choose basis functions, these approaches
still suffer from some limitations, such as being constrained to
linear systems (Zou et al., 2019) or having to solve a non-convex
optimisation problem to add hyperplanes to the representation of
the approximate value function at each time step (Zhang & Sun,
2019).

In this paper, we present a variant of the stochastic dual
DP algorithm, termed gradient-bounded DP, for problems with
discrete states and value functions that are concave extensible
and submodular. One example of a problem whose value function
has these properties can be found in the so-called revenue man-
agement problem in attended home delivery (Lebedev, Goulart,
& Margellos, 2019, 2021). Similar to stochastic dual dynamic
(integer) programming, we represent the value function of the
DP as the pointwise minimum of affine functions over states.
And in contrast to the existing extensions to discrete states, our
approach does not suffer from the above-mentioned limitations.
We also demonstrate the effectiveness of our approximation ap-
proach on a numerical example of the revenue management
problem in attended home delivery.

1 The value function needs to be convex if costs are minimised or
alternatively concave if rewards are maximised.
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Furthermore, we address another problem that may be en-
countered by all approximation approaches mentioned above.
In the case of finite-time multistage stochastic optimal control
problems, the performance of an approximately optimal decision
policy may be evaluated by simulating the DP forward in time
and thus obtaining a performance metric. Since the problem is
stochastic, so is this performance metric, which follows a station-
ary, yet unknown distribution under the approximately optimal
policy (assuming that this policy is stationary, i.e. the probability
of making a decision at any state-time pair is independent of
the simulation run). Hence, as a second central contribution to
this paper, we derive bounds on the tail and expectation of the
probability distribution of a performance metric obtained from a
finite number of its samples.

The paper is structured as follows: Section 2 formulates our

problem of interest and the assumptions that our work builds
upon. In Section 3, we present a novel algorithm to compute
approximately optimal policies for value functions over discrete
state-spaces under assumptions on submodularity and concave
extensibility. Section 4 derives deterministic upper bounds and
stochastic lower bounds to the exact value function and shows
convergence of the algorithm in a finite number of iterations.
In Section 5, we present an algorithm that validates the policy
obtained in Section 3 by computing sample profits, their em-
pirical mean and their standard deviation. Section 6 details our
theoretical results on tail and expectation bounds of the sample
profits obtained in Section 5. In Section 7, we present a numerical
example on a high-dimensional problem that is unsolvable by
direct computation. Finally, we conclude in Section 8 and provide
directions for future research.
Notation: For any s € N, let 15 be a column vector of all zeros
apart from the sth entry, which equals 1. Furthermore, we define
the convention that 1 is a vector of zeros. Let 1 denote a vector of
ones. Let (-, -) denote the standard inner product of its arguments.
Let |- | denote the floor function, i.e. the greatest integer less than
or equal to its argument. Let E denote the expectation operator,
let Pr(-) denote the probability of its argument and let 1(-) denote
the indicator function.

2. Problem statement

We consider a discrete-space, discrete-time, finite horizon DP.
Define discrete states x € X C Z" and continuous and/or
discrete decision variables d € D C Z% x RP. Define the set S :=
{1,2, ..., n}. Let the transition probability between two states x
and y under decision d be Py y(d), where we require Py y(d) > 0
for all (x,y,d) € X x X x D. For all x € X, we impose that
2 yev. o Pry(d) = 1, where Y, (x) := {x + I5}sesujo)- This require-
ment implies that transitions in x are only possible in the positive
direction and by at most a unit step along one dimension. Such
models are typical for order-taking processes (Yang & Strauss,
2017; Yang, Strauss, Currie, & Eglese, 2016). Furthermore, we
define a finite time horizon T := {1, 2, ..., t}, a stage revenue
function g : Z" x Z" x (Z* x R?) — R and a terminal cost function
C :Z" — R to construct the following DP:

D Poy(d) (g%, y, d) + Vipa(y))
yeYi(x)
V(x,t) € X x T, where

Vi (x) = —C(x) VxeX. (1)

Vi(x) := max
deD

It is not strictly necessary for g to be independent of t as long as
the assumptions stated below can be satisfied. However, as our
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interest lies in time-independent problems and to ease notation,
we ignore time-dependency of g in this paper.? To represent the
DP more compactly, we notice that (1) is a time-independent
mapping from V;; to V, for all t € T, which makes it pos-
sible to define the so-called Bellman operator 7 through the
relationship

V[ = TV[+], for all ¢ eT. (2)

Notice that the argument of 7 is a functional. We next intro-
duce several definitions needed to state the assumptions that we
impose on the DP in (1).

Definition 1. A function f : Z" — R is submodular if it satisfies

f(max(y, z)) + f(min(y, 2)) < f(y) + f(2) (3)

for all (y,z) € Z" x Z", where the maximum and minimum are
taken elementwise.

The following two definitions are commonly used in discrete
convex analysis:

Definition 2. Let a € R" and b € R. Then the concave closure
f:R" - RU —oo of a function f : Z" - RU —oo is defined
as (Murota & Shioura, 2001, equation (2.1))

fx) = inf {(a, x) + b | (@y)+b=fly) Vyez'}.

Note that the concave closure is identical to the so-called concave
hull.

Definition 3. A function f : Z" — R U —oo is concave extensible
if and only if the evaluations of f coincide with the evaluations
of its concave closure f (Murota & Shioura, 2001, Lemma 2.3), i.e
f(x) = f(x), for all x € dom(f ).

These definitions allow us to state the assumptions that we
impose on the DP in (1):

Assumption 1. The function —C is submodular and concave ex-
tensible in x.

Assumption 2. We assume that the functions D, g and Py, for
all (x,y) € X x X and T are chosen such that the Bellman
operator preserves concave extensibility and submodularity of
any concave extensible and submodular value function, i.e. if V;
is submodular and concave extensible, then V; = TV, also has
these properties for all t € T.

In Lebedev, Goulart, and Margellos (2021, Theorem 2), it is
shown that, under mild technical assumptions on the customer
arrival rate, these assumptions are satisfied for the revenue man-
agement problem considered in Section 7.

3. Value function approximation algorithm

We first state our proposed approximation procedure in Algo-
rithm 1 and subsequently detail the individual algorithm steps.
Inspired by stochastic dual DP techniques (Shapiro, 2011), the
main idea of our algorithm is to alternate between generating
sample paths in “forward sweeps” and refining the value function
n “backward sweeps”. We term our approximation algorithm
“gradient-bounded DP”, since it exploits properties of the gra-
dient of the approximate value function, namely submodularity

2 We refer readers, who are interested in a multi-stage optimisation formula-
tion of this DP for the application studied in our numerical example, to Lebedev,
Margellos, and Goulart (2021).
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and concave extensibility, to compute an upper bound to the
exact value function of the DP. The following sections describe
this procedure in detail.

Algorithm 1 Gradient-bounded dynamic programming

1: Initialise parameters: X, D, Py, T, g, C and inax
2: Initialise Q2(x) < oo, for all (x,t) € X x T
3: Initialise Q7 (x) <~ —C(x), for all x € X

4 forie{1,2,...,inx} do
5: X7 <0 B
6: fort € {1,2,...,t} do > “Forward sweep”
7 d < d* e ar%gljax {Z €Y+(x,;)Px1t X,m(d)
x (80 3. )+ Q) |
8 X <X+ sample{ X (d’t)}
X1
9: end for : o .
10: DD I 1 & (X, Xy 15 dp) — C(xe14)
11: for te{t,t—1,...,1}do > “Backward sweep”
12: Z(Xt+l) <« {Xr+1 + 1+ 1y }sesu
s eSu{O]
13: if Q[' is submodular on Z(x;_ ;) then
14: <— umque hyperplane through
{(y (TQ DN yer,ca,
15: else
. . i—1
16 Jj* € argmin {(THM)( m)}
Il
17: H* < TH. !
18: end if )
19: Q/ < min {H*,Q/""}
20: t<—t—1

21: end for

22: u(i) < Qi(0)
23: end for

3.1. Initialisation

We first initialise all parameters of the DP in (1) (step 1).
Denote the maximum number of iterations by in.x € N and let
I:={0,1,...,ina/}. Let the value function approximation Qt’ for
all (i, t) € I x T be the pointwise minimum of a finite number of
affine functions, i.e.

Q/(x):= min H(x), forallx € X, (4)
je(0,1,...,1}

where H{ : X — R describes a hyperplane, i.e.

H{(x) = (a’é,x)—i—b’é, for all x € X, (5)

with a’t eR", b’t e R for all (t,j) € T x I. We characterise the set
of supporting hyperplanes at x as

Jitx) = argmin {al,x) + b} (6)
je(0,1,...,i}
for all (x,i,t) € X x I x T. Notice that the aforementioned
functions are defined for all states x € X. In practice, the number
of states may be prohibitively large to compute these functions
for all states, however, for our purposes, we will only ever eval-
uate these functions locally at certain x € X, which is possible
since the maximum number of hyperplanes in,.x will be relatively
moderate.

We construct Q[l as a successively tighter upper bound of V;
(as i increases), i.e. Vi(x Qtl (x) for all (x,i,t) € X x
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(I'\{0}) x T. In the ith "backward sweep*, H’ is added to Q[’ ! for
allt € T to form Q/. To 1n1tlahse Q?, one could simply set Q to be
a single affine function with a? = 0 and b° = oo, such that Q? is
indeed an upper bound to V; forallt € T (step 2). We discuss the
possibility of closer initialisations in the context of our example
in Section 7. We also initialise Qt+1 (x) :== Vi 4(x) = —C(x) for all
(x,1) € X x I, which is a tight upper bound by the construction of
the DP in (1) (step 3).

3.2, “Forward sweep”

Fix any iteration i € I\ {0}. In each “forward sweep”, we solve
an approximate version of the Bellman equation in (1) forward
in time, i.e. by replacing V; with its approximation Qtl 1 (step
7). Hence, we compute suboptimal d! for all t € T and simu-
late state transitions by sampling from the transition probability
distribution given the approximately optimal decisions (step 8).
This defines a sample path x{ forall t € T U ({t + 1}. At the end
of each “forward sweep”, we compute a stochastic lower bound
on the total expected profit V;(0), which we denote by I(i) for all
i € I\{0} (step 10). We show that this is indeed a stochastic lower
bound in Section 6.

3.3. “Backward sweep”

Fix any 1terat10n i € I. In each “backward sweep”, we first
check if er is submodular on Z(x! t+1) by computing the sign of
(3) for all p0551ble pairs of points (y,y’) € Z(x r+1) X Z(x r+1) such
that y # y' (step 12). If the inequality in (3) holds for all these
points, we locally compute the exact DP stage problem on the
set Y, (x t+1) ie. {7Q; (y)}yeer(xm) to construct the hyperplane

through { (. (T l+1l)(y))}yey+(x§+l) (step 14). Then, the resulting

added hyperplane is an upper bound to V;(x) for all x € X, as
shown in Section 4.

In the opp051te case, we need to compute a submodular up-
per bound on “, which is readily given by the hyperplanes
from which Q; 41 is constructed. Therefore, we select the hyper—

plane H ! that minimises the value at the evaluation point x

which therefore locally creates the tightest upper bound (step
16). It may be possible to construct other submodular upper
bounds to non-submodular Q/; ] 1, however, steps 16 and 17 of
Algorithm 1 offer a simple implementation. Finally, we update
the value function approximation as the pointwise minimum of
the approximation from the previous iteration and the newly
constructed hyperplane (step 19). We also compute an upper
bound, u(i) for all i € I\{0}, on the total expected profit V;(0) (step
22). We show that this is indeed an upper bound in Section 4.

4. Approximation algorithm properties

In this section, we show our main theoretical results on
bounds on the exact value function and convergence properties
of Algorithm 1. Proofs not included in this section can be found
in Appendix.

Proposition 1. Under Assumptions 1 and 2, the approximate value
function is an upper bound to the exact finite horizon value function,
ie. Ql(x) > Vi(x) forall (x,i,t) e X x I x T.

Corollary 2. Under Assumptions 1 and 2, the value of u(i) is an
upper bound to the exact total expected profit, i.e. u(i) > V1(0) for
alliel\ {0}

Proof. This result follows immediately from Proposition 1 and by
observing that u(i) = Qq(0) for all i € I \ {0} from step 22 of
Algorithm 1.
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Proposition 3. The value of I(i) is a stochastic lower bound to the
expected total profit, i.e. E[I(i)] < V1(0) for alli € I \ {0}.

Proof. For any i € I \ {0}, the value of [(i) is obtained from sub-
optimal decisions d! for all t € T, due to the use of Q; instead
of the exact (yet unavallable) V41 in step 7 of Algorlthm 1. It
follows that d! is not a maximiser of the exact DP in (1) which,
by the principle of optimality, implies that the expected value
accumulated under this suboptimal policy will not be greater
than the value obtained under the optimal policy. Hence, E[I(i)] <
V1(0) for alli e I\ {0}.

The stochastic dual DP algorithm converges asymptotically in
i to the exact value function (Shapiro, 2011). We can strengthen
this result for our algorithm by exploiting the fact that the set of
states X is finite. Hence, the proposed algorithm converges in a
finite number of steps under the following minor modification to
Algorithm 1.

Algorithm 2 Resampling procedure replacing step 8 of Algo-
rithm 1
1:m <« L(i— 1)/1X]]

2: xt+1 «~x +sample {Px . (d’[)}

t+1

:ift=f—mandx;, € {x’tH

< sample (with uniform probability)

’ miX|+1 <j < i] then

. i
4: X1

from X \ {

1 ‘ mX|+1<j< 1}

5: end if

Notice that for an arbitrary (i, t), m in the if-statement in step
3 of Algorithm 2 ensures that every state x € X is sampled every
|X| iterations.

Proposition 4. Under Assumptions 1 and 2, the gap u(i)—E[Il(i)] for
all i € 1\ {0} converges to 0 in at most t|X| iterations of Algorithm 1,
when using the resampling procedure of Algorithm 2.

Note that it is likely to take an unacceptably large number
of iterations for the algorithm to converge to the exact value
function due to the large number of states |X|. Since the value
function is computationally expensive to calculate for all states,
we seek to generate closer approximations at points that are
likely to be visited, i.e. points on the sample path, and to use
this information to save on approximation accuracy for less likely
samples.

Our ultimate objective is to solve problems with large state
spaces (|X| ~ 10?°) and long time horizons (|T| &~ 10%). In
such scenarios, the need to resample the state as detailed in
Algorithm 2 becomes negligible, because the required number of
iterations to reach convergence is much larger than the maximum
acceptable number of iterations. Therefore, from a practical point
of view, we do not use Algorithm 2. In this case, the proposed
algorithm only converges asymptotically to the exact value func-
tion instead of in a finite number of steps, just as in stochastic
dual DP (Shapiro, 2011).

5. Proposed validation algorithm

As noted in the previous section, absolute convergence of the
approximate value function to the exact value function cannot
be achieved for industry-sized problems due to the “curse of
dimensionality”. The performance of the algorithm, i.e. how close
the stochastic lower bound [(i) is to the deterministic upper
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bound u(i) for any i € I \ {0}, can only be validated statistically
to a certain level of probabilistic confidence. To this end, we will
generate a set of validation samples as described in Algorithm 3
and detailed further below.

Algorithm 3 Proposed validation algorithm

1: Compute approximation: Qf‘“‘“, forallt e T\ {O}U{t+ 1}

2: Initialise number of validation samples kp,ax

3:forkeK:={1,2,..., knax} do
4: x’{ «~0
5 fort €T do > “Forward validation sweep”
6: d* < d* € argmax !Z b ex Pk (d)
deD £+

x (g0, ey )+ QTR ) )

7: X —xE+ sample {P £ (d’f)]
.

8: end for
9: W(k) < Zr 18X X4y dF) = Clxgs)

10: end for
1 Ty < kel STEme (k)

ke = 171 2k (4000 ~ 1)

k:

12: oy <

We first compute the approximation obtained in Algorithm 1
(step 1). We denote the maximum number of validation samples
by kmax € N and let K = {1,2,..., knax} (step 2). We then
compute kpax “forward validation sweeps”, where in each of
them we use our most refined estimate, Q, Ty as our approximate
value function (steps 5-8). After each sweep k € K, we compute
the stochastic lower bound [,(k) on the total expected profit,
similarly to I(i) for all i € I'\ {0} in Algorithm 1 (step 9). We then
compute the sample mean profit [, and unbiased empirical stan-
dard deviation o, of the set of sampled lower bounds {I,(k)}rek
(steps 11-12). As detailed in the next section, these quantities
will be used to generate one-sided confidence intervals, quanti-
fying the performance of the decision policy associated with the
approximate value function lma"

6. Validation algorithm properties

In this section we state the main theoretical properties of our
validation procedure. The proofs can be found in Appendix. We
use {ly(k)}rek, Iy and oy from Algorithm 3 to derive two different
measures for the performance guarantee. The first is a probabilis-
tic bound on the tail of the distribution of a single lower bound
sample, i.e. a value for I(kmax + 1) that is reached or exceeded
with 1 — o confidence for a user-defined o € (0, 1). As we will
see later in Section 7, this bound is not necessarily indicative
of the expectation of [, since even under the profit-maximising
decision policy, some variance will persist in I(kpyax + 1) from the
randomness of the state transitions. Therefore, we also derive a
bound on the expectation of the empirical sample mean [, that
holds with confidence 1 — o, where o® € (0, 1) can be chosen
by the user.

6.1. Tail bounds

In this section, we present two tail bounds of the distribution
of I,(kmax + 1). Let [I_, ,] denote the (finite) support of the
distribution of I,(k) for any k € K U {kmax + 1} and let Fx denote
the empirical cumulative distribution function of {l,(k)}iex, i.e.

Fx(l) .= kmgx ek 1(ly(k) > 1). We derive two tail bounds of the
distribution of I,(kmax + 1) with a given confidence level (1—«) €
(0, 1), which is mildly restricted for the first bound due to the

next assumption.
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Assumption 3. Assume that « > 6¢ := Pr(o, = 0).

The value of 6c will often be negligibly small, since [,(k) for
all k € K is highly unlikely to take identical values due to the
typically high-dimensional state space and long time horizon. We
show this later in Section 7.2.

Proposition 5. The inequality Pr(l,(kmax + 1) > I*) > 1 — « holds
(i) under Assumption 3, if « € (6c, 1) and I* = I, the empirical
Cantelli bound given by

H (1 —a)(kmax — 1)

le=1— —_—, or 7
¢ Y o (Ol - Qc)kmax ( )
(ii) if ¢ € (0, 1) and I* = Ip, the Dvoretzky-Kiefer-Wolfowitz bound
given by

In(;-)
Ip:=supylell L] | Fk() <a—6p— 2 (8)

kaax

where 0p € (0, «) is a user-defined parameter.

For Ip, we find the 6p, which maximises the value of the bound,
from the so-called Lambert W function.

Definition 4. Let the Lambert W function be implicitly defined as
W; : R — R, such that W;(x) exp(W;(x)) = x fori € {0, —1}, where
Wo(x) > —1 is called the principal branch and W_¢(x) < —1is
called the lower branch.

Lemma 6. For any « € (0, 1), the value of Ip is maximised at

fp = min {a,\/exp (W,1 <4l:1 ))} (9)

The bounds Ic and Ip, are termed after Cantelli’s inequality (Can-
telli, 1928) and the Dvoretzky-Kiefer-Wolfowitz (Massart, 1990)
inequality, respectively. These inequalities are critical for showing
that the bounds are indeed reached or exceeded with probability
1 — «. By Proposition 5, we can always choose the tighter, i.e.
greater, of the two bounds and we will see later in Section 7 that
the selection of « and k. influences which bound is preferred.

6.2. Expectation bounds

Similarly to the tail bounds, we now state our theoretical
results on two bounds on the expectation of I,, denoted by El,.

Proposition 7. Fix any significance level «® € (0,1). Then
Pr(ElL>1*) > 1 —F, for all I* € {I, IS}, where:
(i) l]g is the empirical Bernstein bound given by
- 202 In(2/aF 7(l — 1_)In(2/a®
£ - oy In(2/e®) (14 )n(/a)and (10)

Kmax 3(kmax — 1)

(ii) l]g is the expectation Dvoretzky-Kiefer-Wolfowitz bound given
by

max{0,ly} In(1 E
= / 1—min {1, e+ [/,
max{0,l_} 2kmax
min{0,l4} E
— min 4 1, Fe(n + | A Ly,
2k,

min{0,l_} max

+ max{0, [_} — min{0, I }. (11)
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The bounds I§ and I5 are termed after the empirical
Bernstein Maurer and Pontil (2009) and Dvoretzky-Kiefer—
Wolfowitz (Massart, 1990) inequalities, respectively. The proof
of Proposition 7(i) is given in Maurer and Pontil (2009). It can
be shown that l% is at least as tight as Hoeffding’s concentration
bound (Hoeffding, 1963), given by

- In(1/aF)
Bo=1—- -1L) | ———". 12
H v ( + ) 2kmax ( )
In fact, under an additional technical assumption, we show that
the expectation Dvoretzky-Kiefer-Wolfowitz bound is strictly
better than Hoeffding’s bound.

Assumption 4. We assume that o and kp,x are chosen to satisfy
In(1/aE)/(2kmax) > k!

max*

Assumption 4 is very mild, since even for only a single obser-
vation kp.x = 1, the critical value of «® would be e ~ 13.5%,
which is much larger than typical significance levels, e.g. 5% or 1%.
Taking any smaller value of o® than the critical value will ensure
that Assumption 4 is always satisfied. Furthermore, for kpax > 1,
the constraint on «® is even less restrictive.

Proposition 8. Under Assumption 4, the expectation Dvoretzky-
Kiefer-Wolfowitz bound is strictly tighter than Hoeffding’s concen-
tration bound, i.e. I > I for all o® € (0, 1).

Finally, we note that other bounds have also been proposed in
the literature, e.g. Shapiro (2011) assumes that the distribution of
I, is Gaussian and determines confidence intervals based on the
corresponding standard score, i.e. a Gaussian lower bound on the
expectation of [, would be

E=T, - z(a®)—2

\% kmax '

where z(«®) is the standard score of the Gaussian distribution
(in fact, Student’s t-distribution, especially for small sample sizes
kmax, since the true variance of the underlying distribution of [, is
approximated by o2). We compare this with our proposed bounds
in Section 7.

(13)

7. Numerical example

We demonstrate our algorithm on an example of the so-
called revenue management problem in attended home delivery.
The objective is to price delivery time windows, called “slots”,
dynamically over a finite time horizon to control the customer
purchasing process to maximise profits while ensuring that all
orders can still be fulfilled.

In this problem, S is the set of delivery slots and the compo-
nents of x are the number of orders placed in every delivery slot.
The feasible set of states X is defined by the maximum state vec-
tor x,i.e. X ;= {x € Z" | 0 < x < x}. The set of delivery slot price
vectors is D := {d € R" |d;eld dl.s=12,..., n }. Customer
choice follows a multinomial logit model (Dong, Kouvelis, & Tian,
2009):

A

)t Y ks €XP(Be + B+ Badk) + 17

Pexir(d) = A exp(Bc + Bs + Bads) (14)
Zkes eXp(ﬂc + ,Bk + ﬁddk) +1

for all (x,d,s) € X x D x S, where A € (0, 1) is the probability

that a customer arrives on the booking website, §. € R denotes

a constant offset, 8; € R represents a measure of the popularity

for all delivery slots s € S and B4 < 0 is a parameter for the price

sensitivity. More details on the estimation of these parameters

Pyx(d) :=(1—-4
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Table 1
Numerical example parameters.
S (1,2,...,17}
X [6,6,..., 6]
A 0.8
[d.d] [£0, £10]
r £20
t 200
C(x) £10 x (1, x) if x € X and oo otherwise

can be found in Yang et al. (2016). The average revenue of an
order is r and the length of the time horizon, representing the
booking period, is t. The cost function C represents the delivery
cost for all lists of orders x € X accumulated at the end of the
booking period. The challenge is to price the slots dynamically
to maximise profits, which corresponds to solving a DP of the
form of (1), where g(x,y,d) = r +d; if y = x + 1, for all
s € S and otherwise, g(x,y,d) := 0, ie. the stage revenue
is the average revenue plus delivery price for slot s if slot s
is chosen and otherwise, it is zero. The DP in our numerical
example takes the parameters in Table 1, adapted from a real-
world, multi-subarea case study by Yang and Strauss (2017) to a
single delivery subarea scenario. Furthermore, we also adopt the
customer choice parameters (8¢, B4, {Bs}ses) from that paper.

We have chosen C(0) = 0, i.e. we ignore fixed costs, which
have no effect on the pricing policy. Notice that for direct value
function computation we would have to evaluate (1) for all
(x,t) e X x T, i.e. (64+1)7 x 200 ~ 4.7 x 10'® evaluations in our
example. This is prohibitively large for any available computer
capabilities. Hence, we use an approximate algorithm.

For this type of DP, Lebedev, Goulart, and Margellos (2021,
Theorem 2) showed that the Bellman operator preserves strict
submodularity, i.e. the condition in (3) holds with strict inequal-
ity, if a small enough A > 0 is chosen. We set A = 0.8 as shown
in Table 1. This setup is similar to the numerical example in
our preliminary work in Lebedev, Goulart, and Margellos (2020).
However, we changed the expected number of customers arriving
on the booking website to A x t = 0.8 x 200 = 160. This is an
interesting variation for several reasons:

(1) Increasing the number of customers arriving on the booking
website increases the need to actively control the sales process
much earlier in the booking period.

(2) Increasing A while reducing t in the model speeds up com-
putation time, since it depends linearly on the number of time
steps. At the same time, we do not observe any decrease in profit
generation performance in comparison with smaller values of A.

Since it is more difficult to maximise profits in this scenario,
the need to select an appropriate initialisation for the approxi-
mate value function also gains importance. To illustrate this, we
compare two initialisation strategies.

(1) A trivial way to initialise the value function is to set QP to
a large constant for all t € T, i.e. a number that exceeds the
maximum attainable profit. We choose Q2(x) = 10° for all (x, t) €
X x T in our example.

(2) An alternative to this is to initialise Q° for all t € T using
the fixed point of DP, V*, which is a known upper bound to the
exact value function at any (x, t) € X x T, i.e. V*(x) > V(). This is
always the case, since 7 in (2) is a monotone operator (Bertsekas,
2012, Chapter 3). In Lebedev et al. (2019), it is shown that the
fixed point is given analytically as

V*(x) = (d 4+ r)(1,X — x) — C(x), for all x € X. (15)

Hence, we use this result to set QP(x) = V*(x)forall (x,t) € XxT.

Note that the fixed point in (15) is an affine function, so
the initialiser has low complexity, i.e. only one affine function
describes Q°. There is also an intuitive interpretation for the
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" Bounds on expected profit from gradient-bounded dynamic programming
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Fig. 2. Deterministic upper and stochastic lower bounds with initialisation of
the value function at the fixed point and at an arbitrary large constant, 10° in
this case.

simplicity of the fixed point: The fixed point corresponds to the
expected profit obtained in an artificial scenario with infinite
booking horizon. It happens that the uniform gradient —(d + r)
of the fixed point implies that the optimal delivery charge is the
maximum admissible price d for all feasible orders. The intuition
behind this is that (assuming non-zero choice probability for
this set of prices) all orders will sell out in a finite number of
time steps, such that one should always charge the maximum
admissible price to maximise profits in the infinite horizon case.
This is a hypothetical scenario, yet, it provides the means to
identify state-time pairs for which some of the slots should be
priced at the maximum admissible delivery charge.

7.1. Computation of approximate value function

We run ip,x = 1000 iterations of Algorithm 1 for both initial
approximate value functions. Computation of our Julia (Bezanson,
Edelman, Karpinski, & Shah, 2017) code takes 9 min, 49 s on an
i7-8565U CPU at 1.80 GHz processor base frequency and with
16 GB RAM. In each iteration i € {1,2,...inx}, We compute
the deterministic upper bound on the expected profit u(i) (Corol-
lary 2) and the stochastic lower bound [(i) (Proposition 3). We
show the behaviour of these bounds, for both initialisations, over
all iterations in Fig. 2.

A gap between upper and lower bounds of approximately 5%
remains even if the algorithm is run for 10,000 iterations. This
indicates that the numerical problem instance actually violates
Assumption 2, i.e. the exact value function of the problem is not
concave extensible, such that there remains a gap between the
concave extensible upper bound and the exact value function.
However, as numerical evidence suggests the upper and lower
bounds established in Corollary 2 and Proposition 3 remain valid.
However, the fact that the gap is non-zero makes our upper and
lower bounds non-trivial thus facilitating the subsequent numer-
ical investigation. We discuss on choices of A that result in a
zero gap and allow numerical satisfaction of Assumption 2 in Sec-
tion 7.3. Notice also that the fixed point initialisation outperforms
the trivial initialisation in several ways:

(1) The stochastic lower bound based on initialising the up-
per bound at the fixed point is greater (tighter) than the other
stochastic lower bound, especially in the first 200 iterations,
while they approach each other over iterations and become very
similar after 800 iterations.

(2) The deterministic upper bound based on the fixed point
initialisation is substantially lower (tighter) than for the other
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Violin plots of sample profits from
gradient-bounded dynamic programming

Leee

I (left) upper bound initialised at fixed point
[ (right) upper bound initialised at 10°
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Fig. 3. “Violin” plots of sample profits obtained by 100 validation samples
from Algorithm 3. Left halves show samples where the approximate value
function was initialised at the fixed point, right halves show samples with trivial
initialisation at a large constant, 10° in this case. Horizontal lines indicate sample
median.

initialiser for the first 560 iterations, while still being slightly
tighter for larger iteration indices.

The relative advantage of the fixed point initialisation strategy
can also be seen in Fig. 3, where we have generated “violin” plots
from 100 validation samples of Algorithm 3 for both initialisers.

Especially the first iteration samples have higher value when
initialised at the fixed point and not at an arbitrary large con-
stant. However, the effect decreases for larger iteration numbers.
Since in either case a substantial variation in sample profits
remains and since, upper and lower bounds for either case do
not converge in the number of iterations performed, we want to
compute confidence bounds on the tail and the expectation of the
distribution of the stochastic lower bound in the next step.

Another important consideration when computing these
bounds is the number of samples drawn. We would like to
note that the computation time for the above validation samples
depends on the iteration number, since it corresponds to the
number of hyperplanes that the value function is comprised of. As
we need to find the minimum over this number of hyperplanes
for every approximate value function evaluation, the computation
time also grows approximately linearly in the number iterations,
e.g. computing 100 validation samples takes 0.05 s per iteration
count, i.e. approximately 50 s for i = 1000. Overall, validation
(Algorithm 3) tends to be much faster than approximation (Al-
gorithm 1). However, in time-critical applications, it might be
prohibitive to choose overly large validation sample sizes.

7.2. Computation of bounds

We first compute the tail bounds on the value of profit ob-
tained by a single sample under the approximate policy after
1000 iterations of Algorithm 1. To this end, we compute the
empirical Cantelli bound Ic from (7) and the Dvoretzky-Kiefer—
Wolfowitz tail bound I, from (8). Due to the 17-dimensional
state-space, 6c ~ 0. To see this, upper bound the probability
of the most likely event at every stage, namely no order being
placed by Py x(d) < Pyx(1d) =~ 0.6732. Due to time-independence
of the transition probabilities, we can exponentiate this number
by the number of time steps in the DP to obtain the probability
of 0 orders at the end of the booking period. This needs to
happen for all kn,.x (independent) validation samples, hence we
again exponentiate this number by k.x, which we assume is at
least 10. This gives us the probability of all validation samples
having 0 orders. This is the most likely, but only one of |X| states,
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Fig. 4. Probabilistic bounds — empirical Cantelli bound (green dashed line, Proposition 5(i)) and Dvoretzky-Kiefer-Wolfowitz tail bound (blue dotted line,
Proposition 5(ii)) - on the profit obtained from a single validation sample as functions of various significance levels for 10 (a), 100 (b) and 1000 (c) validation

samples.
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Fig. 5. Probabilistic bounds — Gaussian bound (green dashed line, (13)), expectation Dvoretzky-Kiefer-Wolfowitz bound (blue dotted line, Proposition 7(ii)) and
empirical Bernstein bound (orange dash-dotted line, Proposition 7(i)) - on the expectation of the profit obtained as functions of various significance levels and for

10 (a), 100 (b) and 1000 (c) validation samples.

so we multiply this number by |X]| to obtain Pr(oy, = 0) <
IX| Py x(1d)tkmax 2 717 % 0.6732200%10 ~ q,

As we see in Fig. 4, the tail bounds do not converge to the sam-
ple average, since there is an inherent variance in the customer
choice model. This can be seen by inspecting the high variation
of the sample profits in Fig. 3 for all iteration steps. In Fig. 4,
notice that the choice of optimal bound changes with sample
size: In our example, the empirical Cantelli bound is preferred for
all significance levels when ky.x = 10, whereas the Dvoretzky-
Kiefer-Wolfowitz tail bound is preferred for significance levels
o > 20% when knax = 100 and for significance levels o > 5.74%,
where we have chosen the optimal parameter 8p from Lemma 6.

To get more meaningful measures of the convergence of Algo-
rithm 1, we now compute the bounds on the expectation of the
profit obtained after 1000 iterations of Algorithm 1. To this end,
we compute the empirical Bernstein bound I]E from (10) and the
expectation Dvoretzky-Kiefer-Wolfowitz bound l][E, from (11). We
also compute the Gaussian bound l]g from (13), following Shapiro
(2011). This final bound relies on the additional assumption that
the exact distribution of the mean sample profit [, is Gaus-
sian. This is only asymptotically true by a Central Limit Theorem
(see Hajek, 2015, Proposition 2.16). As seen in Fig. 5, the Gaussian
bound is always the most optimistic, however not accompanied
by theoretical guarantees. Moreover, for large validation samples
sizes kmax, the gap with the empirical Bernstein bound and with
the expectation Dvoretzky-Kiefer-Wolfowitz bound is small.

Therefore, we suggest to avoid using the Gaussian bound if
probabilistic guarantees are sought for problems, such as our
example, where the validation sample values are not normally
distributed. Out of the empirical Bernstein bound and the expec-
tation Dvoretzky-Kiefer-Wolfowitz bound, the earlier only tends
to perform better for large sample sizes (kpn.x = 1000). Note

that we omit the empirical Bernstein bound in Fig. 5(a) since its
negative values are not meaningful.

Finally, we would like to comment on the relative compu-
tational cost of Algorithms 1 and 3. It is efficient to evaluate
the forward part of Algorithm 1 compared to its backward part.
However, as the iteration count increases, hyperplanes are added
to the approximate value function, making it more expensive to
evaluate. For example, to evaluate the value function at some
state-time pair (x, t) after i iterations, one needs to compare the
values of i hyperplanes, since the value function is the pointwise
minimum of these i hyperplanes. Since Algorithm 3 uses only
the most refined value function, i.e. the one with the most hy-
perplanes, value function evaluations take relatively long. Thus,
a complex approximation will also take long to be validated. If
time is limited, this could mean that iy, needs to be lowered
to allow sufficient time for large enough number of validation
samples to be generated and the bounds to be computed. In our
example, it took 13 min, 10 s to compute 100 validation samples
with Algorithm 3 after 1000 iterations of Algorithm 1. Recalling
that running Algorithm 1 took 9 min, 49 s, there could be a
trade-off between accuracy of the approximation and quality of
the validation bound if time were more limited, e.g. in another
application.

7.3. Algorithm convergence analysis

As noted in Section 7.1, there is a persistent gap of about 5%
between the upper and stochastic lower bound for the particular
problem instance. We conjecture that this is due to Assumption 2
not holding for these parameters. In particular, the customer
arrival rate may be prohibitively high for the Bellman opera-
tor to produce concave extensible value functions in the exact
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Algorithm convergence against customer arrival rates
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Fig. 6. Deterministic upper and stochastic lower bounds for different customer
arrival rates.

problem. Hence, there may always be a gap between the exact
value function and the approximate value function, since the
latter is defined as the pointwise minimum of a finite number of
hyperplanes and is thus concave. As shown in Lebedev, Goulart,
and Margellos (2021, Theorem 2), there exists a small enough
customer arrival rate A, for which Assumption 2 holds. We inves-
tigate this theorem and also demonstrate the convergence result
from this paper (Proposition 4) by repeating the experiment
from Section 7.1 with reduced values of A, in steps of 0.1 down
to a minimum value of 0.1. The resulting upper and stochastic
lower bounds after 1000 iterations and using the fixed point
initialisation strategy are shown in Fig. 6.

Notice that both bounds monotonically increase with the cus-
tomer arrival rate A, which is to be expected, since we keep the
number of time steps t constant across all experiments. Therefore,
both the expected number of customer arrivals Af and thus the
expected profit monotonically increase with A. The gap between
the bounds is no greater than 1.0% for all customer arrival rates
A < 0.5, indicating that a policy has been found that produces
near-optimal profits for these cases. In the other cases, the gap
increases with A, such that the associated performance guaran-
tees are increasingly loose. Tightening these bounds further is a
topic of current research.

8. Conclusions and future work

In this paper, we addressed two problems: First, we presented
a new algorithm, termed gradient-bounded dynamic program-
ming, for approximately solving high-dimensional multi-stage
optimisation problems characterised by dynamic programming
formulations with submodular, concave extensible value func-
tions over discrete states. We accompanied the algorithm with
finite convergence guarantees as well as deterministic upper and
stochastic lower bounds to the exact value function. In future
work, these bounds may be used to compare the profit gener-
ation efficiency with other approximate dynamic programming
algorithms, which may not provide an upper bound to the ex-
act value function. A comparative study of gradient-bounded
dynamic programming and other approximate dynamic program-
ming approaches can be found in Lebedev, Margellos, and Goulart
(2021). One possible direction for future numerical studies would
be the analysis of gradient-bounded dynamic programming in
other application areas.
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Second, we derived bounds on the tail and expectation of the
(unknown) distribution of samples of the value obtained under
an approximately optimal decision policy. These bounds may
be used to validate the performance of approximately optimal
decision policies also in other multistage stochastic optimisation
problems without additional assumptions on this distribution
other than its finite support. Hence, these bounds can be used
to obtain probabilistic performance certificates for a wide range
of multi-stage optimisation problems. Finally, we demonstrated
our results in an example of the revenue management problem
in attended home delivery.
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Appendix

A.1. Proof of Proposition 1

We show this result by induction on t. In the base case (the
terminal condition), Q; = Vi(x) = —C(x) for all (x,1) €
X x I, which satlsﬁes t e proposmon tr1v1ally by Assumption 1.
Assume for an induction hypothesis that +1(x) > Vipq(x) for
some (i,t) € I\ {0} x T and for all x € X. Fix any x in X
and distinguish the two cases of the if-statement in step 12 of
Algorithm 1.

Case I: Suppose that Q is submodular on Z(x [+1)
the umque hyperplane through the set {(y, ( 7’Q[Jrl

Then H* is

er+(x;+1)
By (4), Q/,, is concave extensible since it is the pointwise min-
imum of a finite number of hyperplanes. Hence, we invoke As-
sumption 2 to conclude that 7 Qt';} is concave extensible and
submodular. As shown by Lebedev, Goulart, and Margellos (2021,
Appendix B4), this implies that H* is a separating hyperplane, i.e.
H*(x) = TQ,. (x) for all x € X. Define d” to be the maximiser
of (1) and deﬁne d? to be the maximiser of (1) with Viy1(y)
replaced by (y) We now show that the Bellman operator of

the DP preserves the inequality +1( ) > Viega(x), ie. T +1( ) >
TVei1(x). To this end, fix x € X and consider
(TQINX) =g(x.d) + Y Pey(d)Q )
yevi(x)
gx.d")+ > Poyld)Q W)
yeYi(x)
gxd )+ Y Poy(d Ve y)
yeYi(x)
= (TVey1)(X), (A1)

where the first inequality follows from the supoptimality of dv for
(T ';})(x) and the second inequality follows from the induction
hypothesis. .

Case II: Now consider the case when Q| is not submodular on

Z(x;,,)- Then H* € {THLJ | e]r+1}
the induction hypothesis,

Jj—1
Hea () =

. Furthermore, by (4) and

1) = Ve (x), forall (x,j) € X x Ji7 1. (A2)

We now show that all possible realisations of H* constitute upper
bounds on 7V;4. To this end, fix any (x, j) € X x]t+} Define d” to

be the maximiser of (1) with V;(y) replaced by Hﬁﬁ(y) We can
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show that the Bellman operator of the DP preserves the inequality

';}(x) > Vi41(x) using a similar argument as before:

(THLD®) = (TVe)(®), (A3)

which follows from the suboptimality of d” (see Case I) for
(THﬁ: )(x) and the fact that Hﬂﬂ(x) > Viy1(x) (see (A.2)). There-
fore, we conclude that H*(x) > 7V,(x) for all x € X in the second
case as well.

Since both cases lead to an upper bound, i.e. H*(x) > TV 1(x)
for all x € X, we infer that

Q/(x) = min {H*(x), Q1(0)} = TVea (%)

for all x € X. This concludes our induction argument and shows
that Q/(x) > Vi(x) for all (x,i,t) e X xI x T.

(A4)

A.2. Proof of Proposition 4

We will show the proposition by induction on t. Consider the
base case, when QﬁH(x) = Vi4q(x) for all x € X. Then notice that
in the “backward sweep”, the proposed algorithm computes the
Bellman equation from t + 1 — ¢ exactly for every x € X. This
is because Qf(lq is submodular by Assumption 1 and hence, the
if-statement in step 12 of Algorithm 1 is true. Using Algorithm 2,
x% 1 is resampled if for the time step transition t+1—t the
algorithm has not visited this state in iteration m, m+1, ..., m+
|X|, where m 0. Therefore, the value function is computed
exactly at all x € X for the time step transition t + 1 — t after at
most |X| iterations of the proposed algorithm, i.e. in(x) = Vi(x)
for all x € X, where i < 1X].

Now suppose by means of an induction hypothesis that for
some (t,i) € T x I, Qti+](x) = Viy1(x) for all x € X. Then by
Assumptions 1 and 2, V;1 is submodular and hence, Q/, ; is also
submodular. By a similar argument to the base case, the proposed
algorithm computes the exact value function for the time step
transition t + 1 — t in another i < |X| iterations. Notice that for
an arbitrary (i, t), m in the if-statement in step 3 of Algorithm 2
ensures that resampling only occurs if states have been visited
that are relevant for this particular time step t.

Hence, we conclude that for every time step transition, the
proposed algorithm needs at most |X| iterations to compute the
exact value function for any one time step t € T, which gives at
most £|X| iterations for the total time horizon. Hence, after any
i > t|X| iterations, Q/(x) = Vi(x) for all (x, t) € X x T. Therefore,
both E[I(i)] = V1(0) and u(i) = Qi(0) = V;(0), which finally
implies that E[I(i)] = u(i) for all i > t|X| iterations.

A.3. Proof of Proposition 5(i)

The proof is a finite sample adaptation of the one-sided Cheby-
shev’s inequality, i.e. Cantelli’s inequality (Ghosh, 2002, Theo-
rem 1). We distinguish the following two cases:

Case I: Suppose that o, # 0. Fix any k € K and consider the
conditional probability that Ic := I,(kmax + 1) is no greater than
I, — mo for some m > 0:

Pr(lc < 7v — moyloy # 0)
=Pr(moy, < 7v —lcloy # 0)

Pr(moy < 7v — L(k)loy # 0)

GV#O),

where the second last equality follows from the observation that
l,(k) for all k € K U {kmax + 1} are independently and identically

k
max ek

E (Z 1(moy < T, — (k)

kek

kmax

10
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distributed. Next, we want to upper bound the indicator function
in (A.5) by a quadratic function. A suitable expression is given for

any ¢ > 0 by
a‘,;é0>.

Note that each element in the summation is always non-negative
and no smaller than one if mo, < | — I,(k) and hence is an upper
bound to (A.5). We simplify this expression using the definitions
of I, and oy from Algorithm 3 in Section 5 as

ly(k) + coy )2

1 a, —
E —— o 0
kmax (kXEK: (moy + coy)? v # )

1 ((kmax — 1)02 + kmaxc?0? o £ 0)
Kmax (m+c)?o}

1 E (kmax -1+ kmaxcz>
Kmax (m+cy?

kmax - 1 + kl’l‘l&lXC2
kmax(m + C)2
where o, cancels, since o, # 0, and the expectation operator

drops, since its argument is a constant. We minimise (A.7) by
considering its first order condition, i.e.

Pr(lc <1, — moy|oy # 0)
1y (Z (I — (k) + cov)?

- 2
Kmax keK (moy + coy)

(A.6)

(A7)

_ 9 Kmax = 1+ Kmax
B ac kmax(m + C)2
= (kmax(m + C)2)72 {Zkfme(m + C)2

—(kmax — 1+ kmaxcz)kaax(m + C)}
kmax -1

. (A.8)
Kmaxm

=c=
The second-order condition shows that ¢ minimises (A.7). Substi-
tuting c into (A.7) and simplifying gives:

_ kmax — 1
Pr(lc <1, — moy|oy # 0) < =

_ A9
T KmaxM? + kmax — 1 (A.9)

Case II: Suppose that o, = 0. We repeat the derivation of Case I
with Pr(lc < I, —moy|oy # 0) replaced by Pr(lc < I, —moy|oy, = 0)
until (A.5), where we note that due to o, = 0, we have [,(k) =
I,(k") for all (k, k') € K x K and hence, Pr(lc < I, — moy|oy, = 0) =
1.

Recalling that 6¢ := Pr(o, = 0) and taking both cases together,
we obtain by the total probability theorem that

- 1—6c)(kmax — 1
Pl‘(lc Slv_m(fv) < ( C)( max )

-_— 4+ 6.
T KmaxM? + kmax — 1 ¢

(A.10)

We want this probability to be at most the significance level «.
Hence, we solve this expression for m, yielding

Kmax — 1
Kmaxm? + Kmax — 1
(1 —a)(kmax — 1)

= s m=z | —,
(O[ - QC)kmax

which is real-valued, since a > 6c by Assumption 3. Substituting
for m on the left-hand side of (A.10) gives the desired property:

pr(,cg_(,v U—W—n)_

(¢ — Oc)kmax

a > (1-6c) + 6c

(A.11)

(A.12)
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A.4. Proof of Proposition 5(ii)
Fix any « € (0, 1), any 6p € (0, o) and compute

In(1/6p)

Fx() <a—6p —
k() <a—6p T

Ip = sup [1 ell_, 1]

} . (A13)

We will now show that I,(kmnax + 1) > Ip with probability at least
1 — «a. By the total probability theorem, we write
Pr(ly(kmax + 1) > Ip) = Pr(B|E)Pr(E)

+ Pr(B|E) Pr(E°), (A.14)

where B denotes the random event that I,(kpmax + 1) > Ip, i.e.
Pr(B) = 1 — F(Ip), and E denotes the random event that

In(1/6p)

F(lp) < Fx(lp) + ,
2K max

(A.15)

which according to the Dvoretzky-Kiefer-Wolfowitz inequal-
ity (Massart, 1990) has probability Pr(E) > 1 — 6p. E¢ denotes
the complementary event of E. Notice that Pr(E®) and Pr(B|E€)
are non-negative and hence, we can create the following lower

bound:
Pr(ly(kmax + 1) > Ip) > Pr(B|E) Pr(E). (A.16)

Since we condition on E, we can lower bound Pr(B|E) > 1 —

(Fk(Ip) + ~/In(1/6p)/(2kmax)) according to (A.15), which yields
Pr(lv(kmax + 1) > ID)

> [1— (FK(ID)+ '“2(;/%)”(1—0[))

In(1/6)
> 1— (FK(lD)+ nz(k,,/mD)> — b

>1—(@—6p)—bp=1—a, (A.17)

where the final inequality follows from the choice of Ip in (A.13),
which thus concludes our proof.

A.5. Proof of Lemma 6
Consider the first-order optimality condition, i.e.

1
_ 9 L In(7-)
96y

2kmax

1
20p+/—2kmax In(6p)
Since 6p > 0, we can simplify to arrive at

-1
65 1n(62) = yT—
max

—1
02 =exp|Wi [ ——]),
=63 =e (wi(5-))

where i € {0,—1} and W; is the Lambert W function (see
Definition 4). The second-order conditions show that i = —1
gives a local maximum. Hence, we take the square root and note
that 6p is bounded from above by « to arrive at the desired result.

=0=—1+

(A.18)

(A.19)

A.6. Proof of Proposition 7(ii)

We start by writing the expectation of the random variable [ in
terms of its exact yet unknown cumulative distribution function
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F (see Evans & Rosenthal, 2004, Definition 3.7.1), i.e.

0o 0
El := / 1—F(l)dl —f
1=0 l=—00
oo 0
/.

1—F(hdl + /
I=—00
max{0,l+}
/I‘:max{O.L}
min{0,l4}

“

I=min{0,l_}
where we changed the limits of integration, since F has the finite
support [I_, [, ]. The max- and min-operators in the integration
limits ensure that equality holds independent of the sign of either

I_ or L. By the Dvoretzky-Kiefer-Wolfowitz inequality (Massart,
1990), we can write with confidence 1 — o® that

F(l) < min I,FK(I)—i-‘/M
kaax

F(l)d.

—F(I)dl

1 — F(l)dl+ max{0, [}

—F(l)dl— min{0, [}, (A.20)

In(1/a®
— _F()> —min 1, Feqy + [ P0/T)
2Kkmax
In(1/a®
— 1-Fl) > 1—mind 1. R+ [P/ (A21)
2Kkmax

Using these expressions for —F(l) and 1 — F(I), we lower bound
(A.20) by

max{0,l4} In(1/cE
Bl > f 1= min 4 1, Fe(y+ | A/ g,
I=max{0,l_} kaax
min{0,l4} In(1/cE
—/ min { 1, Fx(I) + 7( /o) dl
I=min{0,l—} kaax

+ max{0, [_} — min{0, I }. (A.22)

Finally, El, = E, since E is a linear operator and l,(k) for all k € K
are independent, thus concluding the proof.

A.7. Proof of Proposition 8

We can express the empirical mean in Hoeffding’s bound (Ho-
effding, 1963) as an integral over the empirical cumulative distri-
bution function:

In(1/ak)
E=1l—-(,-1L) | ——=
H I+ ) T
00 0
:/ 1—F,<(l)dl+f —Fy(Ddl
=0 |=—00
In(1/F)
— (=1
(Lt ) T
max{0,l} In(1 E
:[ 1—(F1<(l)+ % di
I=max{0,l_} max
min{0,l4} In(1 E
+ / — | Ry % dl
I=min{0,[_} Kmax

+ max{0, [_} — min{0, L, }
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max{0,l}
< / 1—min{1, FK(I) + dl
I=max{0,l_}
min{0,l4} In(1/E
+ / —min 1R+ ALy,
I=min{0,l_} 2kmax
+ max{0, [_} — min{0, I}
=I5, (A23)

where the third equality follows from the fact that the (fi-
nite) support of Fi(l) is [I_, [.] and the last inequality is strict
by Assumption 4, since Fx is a stair function with step height
1/kmax and /In(1/a®)/(2kmax) > 1/kmax implies that Fg(I*) +

VIn(1/aB)/(2kmax) > 1 for some I* < I,.
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