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1. Introduction

The expenditure of US households on online grocery shopping
could reach $100 billion in 2022 according to the Food Marketing
Institute (2018). Although growth forecasts vary and more conser-
vative estimates lie, for example, at $30 billion for the year 2021
(Pitchbook, 2017), the overall trend is clear: The online grocery sec-
tor is likely to grow if some of its main challenges can be over-
come.

One of these challenges is managing the logistics as one of the
main cost-drivers. In particular, one can seek to exploit the flexi-
bility of customers by offering delivery options at different prices
to create delivery schedules that can be executed in a cost-efficient
manner. To achieve this, recent proposals include giving customers
the choice between narrow delivery time windows for high prices
and vice versa (Campbell & Savelsbergh, 2006) or charging cus-
tomers different prices based on the area and their preferred deliv-
ery time (Asdemir, Jacob, & Krishnan, 2009; Yang & Strauss, 2017;
Yang, Strauss, Currie, & Eglese, 2016).

In this paper, we focus on the latter. We refer to the problem
of finding the profit-maximising delivery slot prices as the revenue
management problem in attended home delivery, where “attended”
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refers to the requirement that customers need to be present upon
delivery of the typically perishable goods, which is in contrast to,
for example, standard mail delivery. Note that attended home de-
livery problems are more complex than standard delivery services,
since goods need to be delivered in time windows that are pre-
agreed with the customers.

We adopt a dynamic programming (DP) model of an expected
profit-to-go function, the value function of the DP, given the cur-
rent state of orders and time left for customers to book a de-
livery slot. This DP was initially devised in the fashion industry
(Gallego & van Ryzin, 1994), but subsequently adopted and refined
by the transportation sector and the attended home delivery in-
dustry (Yang et al., 2016). This formulation could be thought of
as an instance of a network revenue management problem with
customer choice, which finds various applications, e.g. in trans-
portation, hospitality and appointment scheduling problems (see
Meissner & Strauss, 2012; Sauré, Patrick, Tyldesley, & Puterman,
2012; Zhang & Adelman, 2009).

To find the (approximately) optimal delivery slot prices, we
need to compute the value function (at least approximately) for
all states and times. The main challenge is that the state space of
the DP grows exponentially with the set of delivery time slots, i.e.
it suffers from the “curse of dimensionality”. This means that for
industry-sized problems, due to the prohibitively large number of
states, the value function cannot be computed exactly, even off-
line. Our ultimate objective is to compute improved value func-
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tion approximations. Therefore, we study in this paper how the
value function of the exact DP behaves mathematically in time and
across state variables.

We show that the underlying DP operator has a unique fixed
point. We then provide a closed-form expression of the resulting
fixed point and derive a natural interpretation. Furthermore, we
show that - under certain technical assumptions - for all time
steps in the dynamic program, the value function admits a con-
tinuous extension, which is a finite-valued, concave function of its
state variables.

Ultimately, our results open the road for achieving scalable im-
plementations of the proposed formulation, as it becomes possible
to make informed choices of basis functions in an approximate dy-
namic programming context. We illustrate our findings on a low-
dimensional and an industry-sized numerical example using real-
world data from a case study by Yang and Strauss (2017), for which
we derive an approximate value function based on our theoretical
results and a stochastic dual DP algorithm presented in Zhang and
Sun (2019).

Improved value function approximations could finally be used
for calculating approximately optimal delivery slot prices. For ex-
ample, for continuous decision variables and under the multi-
nomial logit customer choice model, Dong, Kouvelis, and Tian
(2009) show that a unique set of optimal delivery slot prices exists,
which can be found using Newton root search algorithms or using
the Lambert W function as shown in B.2 if estimates of the value
function are known for all states and times. Our mathematical re-
sults have immediate implications on the monotonicity of (approx-
imately) optimal prices with respect to changes in the number of
placed orders, which we also characterise in this paper. This anal-
ysis complements the research on the price-inventory relationship
under multinomial logit customer choice (see e.g. Akcay, Natarajan,
& Xu, 2010; Chen & Chen, 2015; Suh & Aydin, 2011).

Our paper is structured as follows: In the remainder of
Section 1, we introduce some notation. In Section 2, we define
the revenue management problem in attended home delivery and
its DP formulation. In Section 3, we present our main results,
Theorem 1, which analytically characterises the fixed point of the
DP, and Theorem 2, which shows that there exists a continuous
extension of the value function that is a finite-valued, concave
function in its state variables at every time step. Section 4 con-
tains reformulations of the DP into mathematically more conve-
nient forms and develops supporting results leading to the proofs
of the main results. We also develop a result on the mono-
tonicity of prices with respect to the number of placed orders.
Section 5 presents a numerical illustration of our theoretical results
on a low-dimensional example and on an industry-sized problem,
while Section 6 concludes the paper and suggests directions for
future research. The Appendix contains the proofs of results not
included in the main body of the paper.

Notation: Let 1 denote a vector with all elements equal to 1.
Given some s, let 15 be a vector of all zeros apart from the s-
th entry, which equals 1. Furthermore, we define the convention
that 1 is a vector of zeros. Let R, ;) be the non-negative (pos-
itive) real numbers, let Z be the integers and let dim(-) denote
the dimension of its argument. Let conv(-) denote the convex hull
of its argument. We say that a function exhibits a monotonic be-
haviour if the monotonicity property holds element-wise, e.g. a
function f : RN — R is monotonically increasing over its domain if
f(y) > f(x) for all (x,y), such that at least one element of y is
greater than the corresponding element of x.

2. Revenue management problem formulation

In this section, we derive a discrete-state formulation of the
revenue management problem in attended home delivery.
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2.1. Problem statement

We model an online business that delivers goods to locations of
known customers. We consider a local approximation of the rev-
enue management problem by dividing the service area geograph-
ically into a set of non-overlapping rectangular sub-areas, where
the customers in each sub-area operate independently by being
served by one delivery vehicle. This model resembles the setting
in the work of Yang and Strauss (2017). Due to this independence,
we only consider a single sub-area, while our development directly
extends to the case of multiple sub-areas. To cover all sub-areas in
practice, it is possible to simply replicate our approach for every
delivery sub-area, which would increase computational complex-
ity linearly in the number of sub-areas, but which is easily paral-
lelised.

We consider a finite booking horizon with possibly unequally-
spaced time steps indexed by t € T :={1,2,...,t}. Based on the
development of Yang et al. (2016, Section 4.3), we obtain a cus-
tomer arrivals model using a Poisson process with time-invariant
event rate A € (0,1) for all t e T from a Poisson process with ho-
mogeneous time steps, but time-varying event rate.

Customers can choose from a number of (typically 1-hour wide)
delivery time windows, which we call slots seS, where S:=
{1.2,...,5}. Let s =0 correspond to a customer not choosing any
slot. Each delivery slot s is assigned a delivery charge d; € [Q, d] U
{oo}, for some minimum allowable charge d € R (which is typically,
though not necessarily, non-negative) and some maximum allow-
able charge d_z d. The role of d; = 0o is a convention to indicate
that slot s is not offered. This is explained in more detail when in-
troducing the customer choice model below. We define the deliv-
ery charge vector d :=[dy,d;, ..., d;]T. Let the set of admissible de-
livery charge vectors be D := {d | ds e [d.d ] U {cc} for all s € S}.

For each delivery slot s € S, we denote the number of placed
orders by xs; € Z. We also define x := [x1, Xy, ...,x5]T € Z° as well
as X :={x| 0<xs <X for all s €S}, where xs is a scalar indicat-
ing the maximum number of deliveries that can be fulfilled in slot
s. In general, we do not require the maximum number of deliv-
eries to be the same for all slots, e.g. since this will depend on
traffic patterns in the delivery area. Examples of computing this
quantity can be found in Yang and Strauss (2017, Section 4). Let
us define X :=[X{,X,,...,X;]T as well as the set of feasible slots
F(x)={seS|x+15eX}. Let r ¢ R denote the expected net rev-
enue of an order, i.e. expected revenue minus costs prior to deliv-
ery. This is assumed to be invariant across all orders. We define

o) {c+<x>,

ifxeX
otherwise,

(1)

o0

where C, : X — R, is a given function. The function C approxi-
mates the delivery cost to fulfil the set of orders x. The delivery
cost cannot be computed exactly, as it is the solution to a vehi-
cle routing problem with time windows, which is intractable for
industry-sized applications (Toth & Vigo, 2014). For the DP ap-
proach that we adopt in this paper and introduce in the next
section, we need to know this function at the start of the book-
ing horizon, i.e. before any orders are placed. Therefore, it is also
prohibitive to include additional details like customer locations in
this function, since this would increase the state-space to an in-
tractable size. In principle, if a fast enough algorithm to com-
pute approximately optimal delivery cost prices was available, one
could update the delivery cost function as orders are placed and
adjust the approximately optimal prices accordingly. In this pa-
per, we mainly focus on the first part of the problem i.e. given
one approximate delivery cost function C, we would like to com-
pute the approximately optimal delivery prices. We further discuss
the possibility of updating the terminal condition with additional
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details like customer locations and updating the approximate DP
solution between orders in the context of our numerical example
in Section 5.3.

Let the probability that a customer chooses delivery slot s if
offered prices d be Ils(d), such that d— IIs(d) € [0,1) for all
seS. Note that > ¢II5(d) =1—TIp(d), where Iy > 0 denotes
the probability of a customer leaving the online ordering platform
without choosing any delivery slot. A typical choice for I is the
multinomial logit model that was also used in Yang and Strauss
(2017):

= exp(ﬁf+/g5+ﬂdds)
Y kes €XP(Be + Bi+ Badi) + 17

where S € R denotes a constant offset, s € R represents a mea-
sure of the popularity for all delivery slots and B; <0 is a pa-
rameter for the price sensitivity. Note that the no-purchase util-
ity is normalised to zero, i.e. for the no-purchase “slot” s =0,
we have a no-delivery “charge” dy = 0, such that B¢ + Bg + Bydo =
Bc + Bo = 0 and hence, the 1 in the denominator of (2) arises from
exp(Bc + Bo) = 1. Furthermore, note that the constant offset 8. is
not necessary, since it can be encompassed within the {Bs}scs(0)
parameters. However, B is often preserved to normalise one of the
{Bs}sesufoy parameters to zero. This is also performed in Yang and
Strauss (2017).

Note that our results on the fixed point computation do not de-
pend on the particular form of the customer choice model. We
require only that it is a probability density function and that it
satisfies one mild technical assumption stated further below in
Section 3.

For convenience, let the probability that a customer arrives and
chooses slot s given prices d be denoted by ps(d) := AIls(d). We
define p(d) :=[p1(d), p2(d)..... ps(d)]T and P:={p(d) |deD}.
Finally, it is to be understood that all sums over s are always com-
puted over the entire set S.

Is(d) (2)

2.2. Dynamic programming formulation

We can express the problem described above as a DP. The ex-
pected profit-to-go closely resembles the DP formulation in Yang
and Strauss (2017) and we define it as

Vi (x) = TEIS)X{XS: Ps(d)[r+ds+Ve1 (X+15) =Ver1 (%) ]+Vir1 (%) }

for all (x,t) e XxT, where Vi; (x)=—C(x) VxeX,
(3)

i.e. C(-) denotes the terminal condition. This representation is accu-
rate for all feasible orders, i.e. for all x € X, such that x + 15 € X, for
all s € S. For infeasible orders, i.e. when for some s €S, x+ 15 ¢ X,
the term in square brackets can be undefined, since V; . (x + 15) =
—oo and ds = co. Since in this case ps(d) = 0, we adopt the con-
vention that the product of ps(d) and the expression in square
brackets equals zero. The interpretation of this is that we assign
zero additional value to an infeasible slot.

The difference Vi, (x) — Vi4q1(x + 1) in (3) represents the value
foregone by accepting an additional (discrete spatial) order, which
in economic terms is the opportunity cost of an order. Note that -
similar to Yang and Strauss (2017) - we ignore any vehicle load ca-
pacity constraints in the problem, as they are much less restricting
than the time constraints on the delivery slots. Therefore, includ-
ing the vehicle load capacity constraints would only increase com-
putational costs, but would not substantially improve the decision
policy. For convenience in the sequel, we define the DP operator 7
to express (3) in a more compact form as

Vioi:=TV, forallt eT. (4)
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3. Infinite and finite time horizon results
3.1. Infinite time horizon result

We first consider the infinite horizon case, i.e. going backwards
infinitely many time steps. In this scenario, we can find a fixed
point of the DP described by (4) based on the following assump-
tions.

Assumption 1. The marginal cost of an additional, feasible order is
always smaller than the maximum marginal profit, i.e. C(x + 15) —
C(x) <d+r, for all (x,s) € X x F(x).

Assumption 2. We assume that the transition probability density
function has the following properties. For any s € S:

(@) ps(d) > 0, if ds e [d, d].
(b) ps(d)ds = 0, if ds = oo.

Assumption 1 is not restrictive, since it offers the means to
ensure that every additional, feasible order can generate profit.
Otherwise, the delivery slot price, which maximises (3), would
be d; = oo for some seS, even if additional orders would still
be feasible for that slot. Assumption 2(a) is not restrictive either,
since we can change d to a value for which the choice probabil-
ity for all slots is modelled to be arbitrarily small, yet positive.
Assumption 2(b) is also not restrictive, since it effectively ensures
that infinite prices do not generate infinite expected returns. Fur-
thermore, it is easy to show that Assumption 2(b) holds for the
adopted multinomial logit model. Based on the aforementioned
definitions and Assumption 1, we formulate our first result, proof
of which is deferred to Section 4.1.

Theorem 1. Under Assumptions 1-2, the unique fixed point of (4) is
given by

V*(x) := (d+ )17 (X — x) — C(%), for all x € X. (5)

There is a natural interpretation of this perhaps surprisingly
compact result: The fixed point of the DP is a hyperplane in x,
where each element of the gradient of V* is equal to —(d +r),
or equivalently, the opportunity cost of an order is V;(x) — Vi (x +
1) =d + 1 for all (x,s) € X x F(x). Therefore, the only optimal se-
lection of delivery slot prices is to choose d for all delivery slots
s € F(x). For any other choice the opportunity costs would be
larger than the revenue generated by any order. This result makes
intuitive sense as in the limit as t — —oo, there will always ar-
rive enough customers who will be willing to pay d for a deliv-
ery. Therefore, in the infinite time horizon case, it is best to al-
ways charge the maximum admissible delivery charge. Note that
this result is not of direct practical use as a pricing policy. How-
ever, it serves as a useful upper bound to the value function for all
time steps, which we exploit as an initial value function approxi-
mation in the non-linear stochastic dual DP example in Section 5.3,
to speed up computation.

3.2. Finite time horizon result

For finite t, we establish a geometric property of the value func-
tion V¢, t € T, related to concavity of a continuous function. As the
domain of V; is discrete, it is not possible to establish this property
from convexity theory. We provide some definitions before stating
our main result.

Let the opportunity cost of an order in slot s at time t be de-
noted by ys;(x) :=Vi(x) —Vi(x+15) >0 for all (x,s,t) e X xS x
T. Let y: (%) :=[y1¢(X), Y2t (%) Ys¢(x)]. We define the set of
stochastic vectors in a set A as

Al
V= {ver dov=1¢,
i=1

.....

(6)
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where v; denotes the i-th component of v. Let x € X and let Q < Z°
be a finite set. Then Q is defined to be an enclosing set of x if
x € conv(Q). We define Q(x) as the set of all sets Q enclosing x.
The following two definitions are frequently used in discrete con-
vex analysis:

Definition 1 (cf. Murota and Shioura (2001, (2.1))). Let a € RN and
b e R. Then the concave closure f:RN — RU{—co} of a function
f:7ZN - RU{—o0} is defined as

fx) ::inbf{aTerb |aTy+b=f(y) Vyez}. (7)
a,

Definition 2 (cf. Murota and Shioura (2001, Lemma 2.3) and

(Rockafellar & Wets, 1998, Proposition 2.31)). A function f: ZN —

R U {—o0} is concave extensible if and only if any of the following

equivalent conditions hold:

(a) The evaluations of f coincide with the evaluations of its con-
cave closure f ie. f(x)= f(x) for all x € ZN.

(b) For all x e X and for all Q € Q(x), the evaluation of f at x
does not lie below any possible linear interpolation of f on
the points q € Q, i.e. for all x € X, for all Q € 9(x) and for all
M € Vg, such that x = 37 [4qq, it holds that

&)=Y paf(Q).

qeQ

(8)

Based on these definitions, we impose the following assump-
tions on our finite time horizon result.

Assumption 3. We assume that the opportunity cost at the ter-
minal condition y;; , of all orders is increasing in x for all unit
hypercubes in X, i.e. Yz, 1(%) < Y574 (X + 1) for all (x,5,5) € X x
F(x) x F(x), such that s #s'.

Assumption 4. The function —C is concave extensible.

Assumption 3 is satisfied if V;,; is strictly submodular. This is
since for all strictly submodular functions f : Z" — R we have

f(max(y, 2)) + f(min(y,2)) < f(y) + f(2) 9)

for all y and z € dom(f), where the maximum and minimum are

taken componentwise (e.g. see Bertsimas and Weismantel (2005,

Definition 3.2)). This means that f has increasing opportunity

costs, since, for all (x,s,s’) € X xS x S, such that s #s’, we can set

f=Vi 1, y=x+15, z=x+1y, which yields the desired inequal-

ity:

Vi X+ T4+ 19) + Vi () < Vi (3 + 16) + Ve (x + 1)

= Vi (x) = Vi (x+15) < Vi (x+1g) = Vi (x+ 15+ 1)
= Vi1 X)) < Vi X+ 1g). (10)

Since V;,; needs to be strictly submodular, this requires that C is
strictly supermodular as V; ; (x) = —C(x) for all x € X. This is not
the case for all C used in the literature. For example, Yang and
Strauss (2017) use an affine cost function. However, our results
are also relevant for situations with affine cost functions, since
- as we show numerically in Section 5 - the value function can
reach a state where Assumption 3 is satisfied in a small number
of iterations of the Bellman operator. Assumption 4 is weak as it
is satisfied by any convex cost function, which also includes the
aforementioned affine cost functions. We can now state our sec-
ond main result.

Theorem 2. Under Assumptions 1, 3 and 4, there exists a sufficiently
small A > 0, such that V; is finite-valued, concave extensible in x for
allt eT.

In the following section, we prove our main two results.
Furthermore, we quantify a range of values for A such that
Theorem 2 always holds. This condition is reported in B.2.
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4. Proofs of main results
4.1. Proof of infinite time horizon theorem

To prove Theorem 1, we first note that the DP in (4) can be
reformulated as a so-called stochastic shortest path problem (see
Lebedev, Goulart, and Margellos, 2019, Section 4.1.1). The Bellman
operator mapping of this class of problems is known to be con-
tractive (see Bertsekas (2012, Chapters 1 and 3) and Lebedev et al.
(2019, Lemma 5)). Therefore, the DP in (4) admits a unique fixed
point. We start with the necessary and sufficient condition for 7 to
have a fixed point V*, which is V* = TV*. Setting V; (x) = Vi, 1 () =
V*(x) in (3) yields

I?SDX{XS:pS(d)[r—i-ds—i-V*(x—i-ls)—V*(x)]} - 0. (11)

Substituting the candidate V* from (5) into (11) results then in

rglgDX{ijps(d)[ds d]} =0. (12)
Fix any s € S and consider the following two possible cases:
Case I: Suppose that dge[d,d]. Then by Assumption 2(a),

ps(d) > 0. Furthermore, the value of [ds — d] is non-positive and

0 only if ds = d. Hence, the maximum value that ps(d)[ds — d] can

take in this case is 0, namely when ds = d.

Case II: Suppose that ds=oo. Then by Assumption 2(b),
ps(d)[ds —d] =0.

Since in both cases the maximum attainable value of each term
in the sum over s is 0, the equality in (12) holds.

Finally, notice that V;(x) = C(x) for all t € T. Since the candidate
fixed point satisfies V*(x) = Vi ;(X) = —C(x), V* is a fixed point of

T forallxeX. O

4.2. Proof of finite time horizon theorem

In this section, we prove Theorem 2. We start by reformulating
(3) as a maximisation over p € P instead of d € D. As shown by
Dong et al. (2009), this is possible, since, for all s € S, the following
unique mapping between p and d exists:

p; = exp(Bc + Bs + Bads).

= (13)
where we recall that pg = AIly > 0. We solve this equation with
respect to ds to obtain

- b
d, :ﬂdl[ln (pTS)) —ﬂc—ﬂs].
We will prove the theorem by induction. To this end, we fix an ar-
bitrary t € T, assume for an induction hypothesis that V; is concave
extensible in x and now show that V;_; = TV; is also concave ex-

tensible. Note that the base case in our induction proof is captured
by Assumption 4. By substituting (14) into (3) we obtain

(14)

TVi(x) = rgea;Zps{rJrﬁd][ln(g) — Be— Bs]+ Ve (x + 1)
—V[(X)} + Vi (x)
= rgglg({f(p) +8&(x, p)}, (15)
where we have defined
. -1 Ps\ _p _
f(p) = Xs:ps{rJF,Bd [1n<p0) Be ,Bs]},
(16)

g (x.p) =Y ps{Vi(x + 1) = Vi(®)} + Vi (%)
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for all (x, p) € X x P. This allows us to formulate the following re-
sult, whose parts we prove in Appendices A and B, respectively.
Recall that ps = ATl for all s € S.

Lemma 3. For all t € T, the functions f and g: have the following
properties:

(i) The function f is concave in p.

(ii) Under Assumption 3 and if V; is concave extensible in x, there
exists a sufficiently small A > 0 such that the function g; is
concave extensible in (x, p).

The proof of Lemma 3(i) is given in Appendix A. In Lemma 3(ii),
we assume that V; is concave extensible in x as this is embedded
within our induction proof for Theorem 2, where this corresponds
to our induction hypothesis. The proof of Lemma 3(ii) depends on
the following self-contained result. Let us consider a relaxation of
the constraint on the optimisation variable d in (3) and optimise
over RS instead of D. We refer to this problem as the unconstrained
DP as opposed to the original, constrained DP.

Proposition 4. The constrained and unconstrained version of the DP
share the following property:

(i) Consider the unconstrained DP. Under Assumption 3, the oppor-
tunity cost ys of all orders is increasing for all unit hypercubes
inX, ie.

Vsr(X+1g) > Yse(x) (17)

for all (x,s,s',t) e X x F(x) x F(x) x T, such that s #5'.
(ii) Property (17) also holds for the constrained DP.

We prove the two parts of Proposition 4 in B.2 and B.3, respec-
tively. These results are then used in B.4 to prove Lemma 3(ii). An
interesting implication of Proposition 4 is that increasing oppor-
tunity costs in x imply that unconstrained optimal prices exhibit
monotonic behaviour in x:

Lemma 5. Under Assumptions 1, 3 and 4, there exists a sufficiently
small A > 0, such that for all slots s € S, the optimal price in the un-
constrained DP for this slot, for any state x € X, denoted by d} is non-
decreasing in xs and non-increasing in Xy, for all s’ € S\ {s}.

We prove this result in Appendix C. Lemma 5 also complements
the research on the price-inventory relationship under multinomial
logit customer choice, i.e. the function describing prices in terms of
remaining order capacity, i.e. d* as a function of X — x, for all time
steps in the booking horizon (see Chen & Chen, 2015 for a review).
It would be desirable to understand if the function exhibits mono-
tonic behaviour, e.g. if prices for a slot increase or decrease mono-
tonically as orders for that slot (or another slot) increase. For the
case of multinomial logit customer choice, such statements cannot
be made without additional assumptions. For example, Akcay et al.
(2010, Section 6.2) show that prices for a slot are not necessarily
non-increasing as orders in a different slot increase. For the two-
dimensional case, i.e. $=2 in our notation, Suh and Aydin (2011,
Proposition 2) show that prices for a slot are non-decreasing in
the number of orders for that slot. Our results, however, provide
the necessary assumptions and setting so that monotonicity state-
ments can be made for the multi-dimensional case. We illustrate
this numerically in the example of Section 5.2.

By Lemma 3, there exists a sufficiently small A such that g; has
a continuous extension &, which is jointly concave in (x, p). By in-
spection, f is only a function of the continuously-valued variable
p. Therefore, f(p)+ &:(x, p) is also jointly concave in (x, p). We
define U(x) := maxpep {f(p) + & (x. p)}. By Rockafellar and Wets
(1998, Proposition 2.22) or Boyd and Vandenberghe (2004, Sec-
tion 3.2.5), partial maximisation with respect to some variables of
a continuous multivariate function that is jointly concave in all its
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Table 1
The parameters of the numerical example.

(a) Fixed parameters.

(. 1,5) (0.5,200,2)
(d.d.r) (0.2,2)

X [4,4]7

(Be. Ba: Br. B2) 0.-1.1,-1)

(b) Variable terminal conditions.
Terminal condition 1
Terminal condition 2
Terminal condition 3
Terminal condition 4

Ci(X) =2+2%1 + X2

Cr(x) =24 2x1 +2x;
Cy(X) =2+ 2x1 + 3%,
Ci(x) =24 2x1 +4x;

variables, preserves concavity in the resulting function. Therefore
U is a concave function of x.

It remains to show that U(x) = 7V;(x) for all gridpoints x
X. Repeating the same calculation, now with the discrete f(p) +
g (x,p) in place of f(p)+&(x p), ie. TVi(x)=maxpep{f(p)+
gt (x, p)}, note that f(p) +&(x. p) = f(x) + &, p) for all x e X by
Definition 2(a). Therefore, 7V;(x) = U(x) for all x € X. This shows
that U is a continuous extension of 7V, which is concave in x.
Hence, TV; is concave extensible in x. This concludes our induction
argument and shows that the value function V; is concave extensi-
bleinxforallteT. O

5. Numerical examples

In the following two sections, we illustrate the validity and
practical utility of our results. We first show a low-dimensional
numerical example of a 2-slot problem and then how our results
allow the application of a non-linear stochastic dual DP algorithm
to a 17-slot problem.

5.1. Increasing opportunity costs in an illustrative 2-slot example

To illustrate our results, consider a 2-slot problem, where we
fix the parameters listed in Table 1(a) and vary the terminal con-
ditions as listed in Table 1(b).

Notice that all terminal conditions violate Assumption 3. How-
ever, after a few iterations of the Bellman operator, the opportu-
nity costs become strictly increasing by inspection for all terminal
conditions, thus satisfying Assumption 3 if f is set to that time in-
stance. This can be seen in Fig. 1(a), where we plot the quantity

Vot X+ 1g) = Vs () (18)

min

(x,5,8")eXxF (x)xF (x), s#5
for all time steps t € T. Observing that this quantity is always non-
negative shows numerically that the result in Proposition 4 with
non-strict inequality holds if the terminal condition has non-
decreasing opportunity costs, i.e. constant in our case, since all C,.
are affine functions of x. Furthermore, it is easy to verify that the
resulting value function is concave extensible by computing the
concave closure of V; for all t € T and checking that the concave
closure V;(x) = V;(x) for all x € X. For this example, we can ver-
ify by direct observation that the function is concave extensible by
plotting V; against (x1,x,) as shown in Fig. 1(b) for the first termi-
nal condition in Table 1(b) at time step t = f — 10.

In Fig. 1(b), we also include the terminal condition (red, dashed
line)

Vi () = —=Co(X) = =2 —2%1 — x, (19)

and, from Theorem 1, we also plot the fixed point (green, dotted
line)

VE(x) i= (d+ 117 (X —x) — C(X)

= 18— 4(x1 +X2), (20)
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— Cx)=2+2xitx2
Ml === Ci(x)=2+2x1+2x2
------ Ci(x)=2+2x:1+3x2
C(x)=24+2x+4x:

o
[
X

o
S
sy

of opportunity costs
(=}
(=3
[\S)

=
(=]
—_

0 30 100 150 200
Time step

State-wise minimum difference

e
=
S

(a) The state-wise minimum difference of opportunity
costs is non-negative for all time steps ¢ in the booking
horizon and for all four terminal conditions of Table 1(b).
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(b) The value function at t = ¢ + 1 (red, dashed line),
at the fixed point ¢ = —oo (green, dotted line) and at
t =1t — 10 (blue/violet colour gradient).

Fig. 1. Illustrative example of a 2-slot problem. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

1 10[s 10} oud

\
At
/1/ Aa‘s R\

Q)8

(a) Optimal price of slot 1 at time ¢t = ¢ — 5 is non-
decreasing in orders in slot 1 (indicated by the blue,
dashed lines) and non-increasing in orders in slot 2 (in-
dicated by the red, solid lines).

(b) Optimal price of slot 2 at time ¢t = ¢ — 5 is non-
decreasing in orders in slot 2 (indicated by the red, solid
lines) and non-increasing in orders in slot 1 (indicated by
the blue, dashed lines).

Fig. 2. Monotonicity of prices. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

which corresponds to V* = lim;_, _ V;. When it comes to approxi-
mating V¢, e.g. by means of basis functions, we can use the obser-
vation that V; always lies between the terminal condition and the
fixed point to limit the range of basis functions, such that the ap-
proximated version of V; also falls between these lower and upper
bounds. Also notice that the value function at t =t — 10 is concave
extensible and has increasing opportunity costs.

5.2. Monotonicity of prices in the illustrative 2-slot example

We now illustrate the results of Lemma 5, namely that there
exists a small enough A > 0 such that, for all time steps t € T, the
optimal price of a slot is increasing in the number of orders of that
slot and decreasing the number of orders of any other slot.

Consider the parameters of the numerical example from the
previous section, Table 1(a) and the first terminal condition of
Table 1(b). We obtain optimal prices for both slots by direct com-
putation of the value function of the DP in Eq. (3). We show these
prices for the time step t =t — 5 in Fig. 2.

It should be remarked that the monotonicity property of
Lemma 5 was shown to hold for unconstrained problems. How-
ever, it appears to hold for this numerical example even in the
presence of constraints on admissible prices. Proving such a prop-

461

Table 2
The parameters of the non-linear stochastic dual DP example.
(A E,9) (0.8,53,17)
(d.d.r) (0103453)
X [12,..., 12]7
(Bc. Ba)  (—2.5087,—-0.0766)
{Bs}ses {-1.0305, —0.3591, 0.3107, 0.5922, 0.6154, 0.0796, 0.5356, —0.2415,

—0.6286, —1.6736, —0.4351, —0.161, 0, 0.2533, 0.0736, 0.562, 0.2346}
Cx) 0.1042 x 17x

erty for constrained problems constitutes a direction of current re-
search.

5.3. Exploiting concave extensibility in non-linear stochastic dual DP

We now consider a more realistic problem described by the pa-
rameters in Table 2, which we have adapted from a real-world
data, multi-subarea case study from Yang and Strauss (2017) to
a single subarea. Notice that due to the large state space, |X| =
(x+1)% ~ 8.65 x 1018, it is impossible to compute the value func-
tion by direct computation.

Based on the ideas of Zou, Ahmed, and Sun (2019) for dynamic
programming problems with binary state variables, (Zhang & Sun,
2019, Algorithm 3) have developed a stochastic dual dynamic pro-
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Bounds on sample and expected profits from Non-
Linear Stochastic Dual Dynamic Programming

e Sample profits

Upper bound on expected profit
=== Cumulative moving average of sample profits

Profitin £

10
Iteration

Fig. 3. Plots of sample profits (grey dots), upper bound on expected profit (blue
solid line) and cumulative moving average of sample profits, i.e. the stochastic lower
bound on expected profit (red dashed line). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

gramming algorithm for multi-stage stochastic mixed-integer non-
linear optimisation problems. We implement this algorithm for the
above problem parameters. The exact details of this algorithm are
beyond the scope of this paper and we refer the interested reader
to Zhang and Sun (2019).

For this example, it suffices to state that the algorithm produces
a value function approximation of the form of the pointwise mini-
mum of hyperplanes in x for all ¢t € T. Since this approximate func-
tion is concave extensible in x, the algorithm can only converge to
the exact value function if the original value function is also con-
cave extensible. Through an iterative procedure, hyperplanes are
added to refine the representation of the value function. Approx-
imation progress across iterations is quantified by means of:

1. The algorithm produces a deterministic upper bound u on the
total expected profit, i.e. u > V;(0).

The algorithm produces a stochastic lower bound [ on the total
expected profit, such that El <V;(0), which is computed from
sample profits obtained in simulations of the DP forward in
time, while pricing is based on the approximate value function
instead of the (unavailable) exact value function. Note that E
denotes the associated expected value operator. The stochastic
lower bound is then computed simply as the cumulative mov-
ing average of the sample profits obtained in all previous itera-
tions.

2.

Fig. 3 shows how these bounds converge for the simulated sce-
nario.

The deterministic upper and stochastic lower bounds of the al-
gorithm only converge if the exact value function is concave ex-
tensible. Our theoretical analysis, which guarantees concave exten-
sibility, allows us to employ this algorithm and provides theoretical
support for its convergent behaviour. A similar conclusion holds for
the algorithm in Lebedev, Goulart, and Margellos (2020b), which
is derived based on ideas from stochastic dual DP theory (see
Shapiro, 2011). Hence, the concave extensibility preserving prop-
erties of the DP in (3), even in cases where we cannot numerically
verify them due to the prohibitive problem size, open the road to
employ techniques derived from stochastic dual DP theory.

Furthermore, since this approach is quite fast - we compute 20
iterations on an i7-8565U CPU with 1.80 gigahertz base frequency
and with 16 gigabyte in 1 minute, 28 seconds - it is also possible
to update the delivery cost function and hence the terminal con-
dition of the DP using additional information like location of cus-
tomers that have already placed an order. One could then re-run
the DP to obtain approximately optimal prices that have adjusted
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to the perturbed delivery cost function before the next customer
places an order.

As a final remark, we also use the infinite time horizon result
from Theorem 1 in the initialisation of this non-linear stochastic
dual DP algorithm: The user-defined, initial value function approx-
imation needs to be an upper bound to the exact value function.
We can use the result of Theorem 1 for this purpose, since the
fixed point provides a non-trivial upper bound on the value func-
tion for all time steps t € T and can easily be implemented, due to
its low complexity, i.e. only a single hyperplane is needed.

Further algorithmic developments exploiting our theoretical re-
sults are also possible. For example, we develop an algorithm,
termed gradient-bounded DP, based specifically on the theoretical
properties derived in this paper in Lebedev, Goulart, and Margel-
los (2020a,b). Furthermore, we conduct an extensive theoretical
and numerical case study comparing gradient-bounded DP with
the non-linear stochastic dual DP algorithm above and the affine
value function approximation algorithm from Yang and Strauss
(2017). We refer the interested reader to this comparative study
in Lebedev, Margellos, and Goulart (2020c).

6. Conclusions and future work
6.1. Summary of contributions

We have studied the mathematical properties of the value func-
tion of a dynamic program modelling the revenue management
problem in attended home delivery exactly. We have shown that
the recursive dynamic programming mapping has a unique, finite-
valued fixed point and concavity-preserving properties. Hence, we
have derived our main result stating that — under certain assump-
tions - for all time steps in the dynamic program, the value func-
tion admits a continuous extension, which is a finite-valued, con-
cave function of its state variables. We have illustrated our findings
on a low-dimensional numerical example and an industry-sized
problem.

6.2. Managerial insights and implications

Monotonicity of optimal prices under multinomial logit customer
choice: In our theoretical analysis, we identify conditions under
which prices are monotonic in the number of placed orders (see
Lemma 5). Furthermore, our numerical examples show that these
conditions may even be violated while the monotonicity properties
still hold. We verify this directly on a low-dimensional example
and indirectly by showing that an algorithm relying on these prop-
erties converges for a high-dimensional example. The key manage-
rial insight on the pricing of substitute goods under multinomial
logit customer choice is that “optimal” prices may exhibit mono-
tonic behaviour in many cases. Even when monotonic prices are
not “optimal” from a theoretical standpoint, they may still perform
indistinguishably well to an “optimal”, yet practically unobtainable,
pricing policy (for a prohibitively large problem).

Diminishing returns to inventory under multinomial logit customer
choice: A second important object for pricing in a dynamic pro-
gramming framework is the value function describing the expected
profit-to-go for all time steps in the booking horizon and all states
of orders. Having computed the value function, or an approxi-
mation for prohibitively large problems, (approximately) optimal
prices can be computed from the marginal value function, i.e. unit
order differences of the expected profit-to-go, which represent the
opportunity cost of this order. Our characterisation of the value
function (Theorem 2 and Proposition 4) implies that there are di-
minishing marginal returns to inventory, which corresponds to the
order capacity of the delivery time slots in our setting. As inven-
tory increases, total expected profit increases sub-proportionally.
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One intuitive explanation for this is that no matter how much
the maximum order capacity is increased, total expected profit is
ultimately limited by the expected number of customer arrivals.
Hence, in addition to the tactical decisions on dynamic pricing,
our insights on the structure of the value function can be used
for strategical planning of inventory capacities. For example, our
analysis allows the computation of an approximate value function.
The value of this function at the beginning of the booking hori-
zon and around the zero order state reveals the marginal value of
additional inventory. This insight can then help decide on the fea-
sibility of expanding slot capacities.

6.3. Directions for future research

Recent approaches have estimated V; as an affine function of x
for each t € T (Yang & Strauss, 2017). Based on our result, we be-
lieve that closer approximations can be found by pursuing differ-
ent approximation strategies. One such strategy would be to adapt
approximate DP algorithms from stochastic dual dynamic program-
ming, also known as SDDP. The idea is to use a cutting plane al-
gorithm to successively form tighter upper bounds to the value
function described as the point-wise minimum of affine functions
(Pereira & Pinto, 1991; Shapiro, 2011). One such algorithm is pre-
sented in Lebedev et al. (2020a,b).

A second possible direction of future research involves inves-
tigating the use of parametric models comprising concave basis
functions. This idea can be exploited directly by using the given
DP formulation - as suggested in Powell (2007, Section 8.2) - or
by reformulating the problem as a linear program - as shown by
de Farias and Roy (2003). Note that a priori knowledge of con-
cave extensibility of V; for all t € T creates some intuitive regular-
ity. Therefore, it can be expected to get good approximations of V;
from a relatively small sample size even with simple models.

Another possible direction would be to adapt techniques that
fit convex functions (or equivalently concave functions for our pur-
poses) to multidimensional data. For example, Kim, Lee, Vanden-
berghe, and Yang (2004) and Magnani and Boyd (2009) show how
data can be fitted by a function defined as the maximum of a finite
number of affine functions. More sophisticated examples of convex
(concave) function fitting techniques include adaptive partitioning
(Hannah & Dunson, 2013) and Bayesian non-parametric regression
(Hannah & Dunson, 2011).

Finally, another possible direction for future research involves
investigating pricing policies for delivery cost terminal conditions
which violate the imposed assumptions on increasing opportunity
costs and concave extensibility. In some cases, it may be possible
to find an approximation to the delivery cost function that satisfies
the necessary assumptions and hence, makes it possible to use the
results presented in this paper. At the same time, we aim at inves-
tigating the potential of relaxing the assumptions on the terminal
condition and including additional information like customer loca-
tion in the delivery cost function.
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Appendix A. Proof of Lemma 3(i)

It is shown in Dong et al. (2009) that a structurally similar func-
tion to f is concave in its variables. We adopt a similar approach
- computing the Hessian and showing that it is negative definite —
to verify that f is jointly concave in all components of the vector
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p. We first compute the first-order partial derivatives of f:

0 .
G2 = Ir+ By (In(/po) — fe— P+ By forall e
1
of 11
== =By (A1)
dpo ; a 7o
The second-order partial derivatives are:
2
gT)g =B, p;!, forallies,
1
9*f 1,-2
23 =) bsBy P
gy~ 2P P
9*f 11 -
3piops -B; by, foralli0,
ﬂ—o for all (i, j) e S x S, such that i # j (A.2)
apdp; | | | |

The resulting Hessian H of f with its second partial derivatives
with respect to {p;} for all i e SU {0} is:

p]—l 0 _po—l
Hi=pg1 : : :
d 0 psfl _p(—)l
-py! -py' Dot Y Ds

A
=: [BT (A.3)
where we have defined block sub-matrices A, B, BT and C of appro-
priate dimension, such that C is a scalar corresponding to the last
entry of H. Note that A is negative definite, because ps > 0 for all
seSu{0} and ﬁ;l < 0. We compute the Schur complement of A
in H:

C-BTAB= ;' (z Pyt -ty ps) —o.
S S

As a result of B; <0, A is negative definite and as H/A is non-
positive, H is negative semi-definite (see e.g. Boyd and Vanden-
berghe (2004, Appendix A.5.5)). This implies that f is concave in
p. O

(A4)

Appendix B. Proof of Lemma 3(ii)

The proof of Lemma 3(ii) requires several intermediate results
which we present in the following sections before returning to the
proof of Lemma 3(ii).

B1. Auxiliary function definitions and properties

In this section, we define some auxiliary functions and establish
some of their properties that are needed in the subsequent sec-
tions. We define W : R, — R, as the inverse function of f : R,
R4, such that f(x) := xexp(x), i.e. implicitly defined through the
relationship

x=W(x)eW®, (B.1)

Note that W, as defined above, is the principal branch of the so-
called Lambert W function, which is uniquely defined over the
non-negative real numbers. To simplify notation in the following
proof, we define two more functions: We define s : R, +— Ry, as

Vs(2) :=exp(Be+ Bs + Ba(z —1) = 1) (B.2)
for all s € S. We define the function ¢ : Ri — Ry as
#(2) = —kﬂd“W<Z ws(zs)) (B.3)
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where z; indicates the s-th component of z. We can now estab-
lish some properties of ¢ that are instrumental for the subsequent
proof of Lemma 3(ii).

Lemma 6. The function ¢ has the following properties:

(i) It is decreasing over its domain.

(ii) It satisfies the inequality:
P(re(x+1y)) — p(max{y:(x + 15), ye (x + 15)})
+o(ye(x+15))

>¢(min{y: (x + 15), e (X + 15)}) (B.4)
for all (x,s,s") € X xS xS, such that s #5s'.
Proof.
(i) It is useful to state the first derivative of W, which is
dw W(y)
— )= —F—. B.5
& Y= yawoy (B:3)

It suffices to show that the first partial derivative of W with
respect to the components z; for all i € S is negative. To this

end, fix any i e S. Setting y =Y V¥s(zs), gives
3¢
82, = _)‘/Bd (y) ( )
_ —)»/3’1 W(Zs Vs (25))
C P (2] +W (O ¥s(25))
xBaexp(Be+ Bi+ Pa(zi—1) = 1)
W ¥s(z) @)

(B.6)

1+W(o Ys(25)) Ds Vs(z5)

where the last equality follows from the definition of ; in
(B.2). The customer arrival rate A € (0, 1). The first fraction
n (B.6) lies in (0,1) as W(y) > 0 for all y edom(W), while
the second one lies in (0,1] as ¥s(y) > 0 for all y € dom()s)
for all s€ S and s > 1. Therefore, d¢/0z;(z) € (—1,0) for all
i € S and hence, it is negative.

Fix any ieS. Let o, :=max{y; (x+15). y;¢(x+1¢)} and
Bir :=min{y;;(x+ 15), ¥(x+ 1y)} and notice that «;, >
Bi¢. Let us distinguish two cases.

Case I: Suppose that y;,(x+1s5) > y;,(x+1y). For all je

(ii)

S,j#1, define e"‘ =Yje(x+ 1), ft =Yjc(x+1y) and
e]“f :=max{y;; (x+ 15), ¥j (x+ 1¢)}. Under these assign-
ments, the left-hand side of (B.4) can be equivalently written
as
P(e(x+15)) — p(max{y: (x + 15), ye (x + 15)})
TP (i (x +15))
:¢(eﬁ[, oo Bits - est) ¢(elt,...,ai.t,...,egf)
+(€T . gy oL €5, (B.7)

Define the scalar function fy :A~ R, where A con-
tains all real numbers no smaller than B;; and 6 :=

{{E]t, i jt }]#l,ﬁi,[}, such that

fo(ei) = ¢(€rroo. Bev o €l)
—¢(6“,...,a,-,t,..., St )
+¢(E],t1"'vai.t7"'ﬂ S_,f)' (B'S)
Consider the derivative of fy, given by
d
T (o) = = g @) 4 @), (8.9)
dat;, it
where we have defined z*# := [el o Qg 2P + 1 as well

as z% :=[e¥,,.... oy, ..., €2,]. We compute the derlvatlve of

’st
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¢ from the first equation in (B.6) to arrive at

) = 285 G 0 G <z“ﬁ>

By(

_Aﬂd 0o ¢

%) z%), (B.10)
where yf := 3", ws(z?‘ﬁ) and y* := Y, ¥s(z¢). Substituting

for the derivatives of y*# and y* and simplifying yields
dfe

M//.«x,t)[ (%) - f(z“)] -0, (BIN)
The inequality follows from noting that z¢ > z®# and that W
has a negative second derivative over its domain. We con-
clude that f, is non-decreasing in «;, which means that fy
is non-increasing by decreasing «;. to its minimum value
a;; = P Repeating this minimisation for all i € S, we ob-
tain the following bound:

d(i(x+1y)) — p(max{y (x + 15), e X + 1) P + (e (x + 1))
> ¢p(min{ye (X + 15), ye (x + 1y)}) — p(minfy: (x + 15), y: (x + 1) })
+ ¢ (min{ye (x + 15), e (x + 1)}

= ¢(min{y: (x + 15), Y (x + 15)}), (B.12)

as required.

Case II: Suppose that the roles of s and s’ are now reversed,
ie. v (x+1y) > ¥ (x + 15). Via symmetric arguments, we
reach the same conclusion as in Case 1.

As both cases reach the same conclusion and collectively ex-
haust all possibilities, this concludes our proof and shows
that (B.4) holds.

O

B2. Proof of Proposition 4(i)

We start by reformulating the DP in (3) in terms of ¢. Fix any
t e T\ {1}u{t+1}. The unique optimisers of the unconstrained
optimisation problem at time t — 1, denoted by d; (x) for all (x,s) €
X x S, is given by Yang and Strauss (2017) based on the develop-
ment of Dong et al. (2009) as

di (%) = Vs (%) — 1 — By he (x)

for all s € S, where h;(x) is the unique solution of

(B.13)

(he(x) = 1) exp (he(x)) = ) exp (Bc + Bs + Ba(¥s.: () —1)).

(B.14)

We rewrite (B.14) equivalently as

& (he() —1)exp (he(x) = 1) =D exp(Bc + Bs + Ba(Vsr (%)

-n-1

= (hex) =1 exp (he(x) = 1) =D ¥s(ys: (%)), (B.15)

where we have used /s from (B.2). By the definition of W, we ob-
tain

he(x) =1 +W(Z ws(ys,f(X))). (B.16)
Now, we can substitute (B.16) into (B.13):
di (x) = yse(x) =1 — B! [1 + W(Z ws(ys,r(X))ﬂ. (B.17)
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Finally we can substitute (B.17) into the unconstrained version of
(3) to obtain

TVe(x) = > ps(d*(x)) {r +Ysr () 1= B! [1 +W (Z ws(ysa[(x))ﬂ

s/

- Vs.t(x)} + Vi (x)

-y ps(d*(X))i—ﬂd‘] [1 +W(Z ws(ysu(x»)} ’ +Vi(x). (B.18)

where we have defined d*(x) := [d} (x), d5(x), ..., df(x)]T. We now
substitute the customer choice model p evaluated at the optimiser
d*(x) into (B.18):

- A exp(Be + Ps + Bad; (x))
TV = ; Yo exp(Be+ By + Bad;, (%)) +1

x { -8y [1 +W <Z ws(ys/,r(x))ﬂ } +Vi(x). (B.19)

Note that - using the definitions of di and h; - the following rela-
tionship holds:

> exp(Be + Bs + Bad; (%))
= ZeXp (,Bc + Bs + Ba (Vs,t (x)—r— ,Bd_] he (X)))

= > exp (Be+ Bs + Ba (Vs (X) — 1)) exp(—he (x))

= (he(x) — 1) exp(h: (x)) exp(—h; (x))

= hi(x) — 1, (B.20)

where the third equality follows from

(B.20) into (B.19), we obtain

{—ﬂdl [1 +W<Z Ilfs(ys,f(X))ﬂ} + V().

(B.21)

(B.14). Substituting

he(x) — 1

Tvr(X) = AT(X)

Substituting for h¢(x) using (B.16) yields the desired expression:

AW (s s (5.t (%)) -1
: - 1+W X

T W0, s ae0)) | P 2 s )

+ V(%)

- A,Bd_lw (Z K//s()/s,r(x))> + V(%)

N

= () + Ve (x),
where the last inequality follows from the definition of ¢ in (B.3).
By Assumption 3, the terminal condition of the DP satisfies the
property of increasing opportunity costs.

We can now prove Proposition 4(i) by showing that a
monotonic mapping exists between ys; 1 (X + 1¢) — ¥5¢-1(x) and
Vot (X4 1g) — ysr(x) for all (x,s,5',t) € X x F(x) x F(x) x (TU{f +
1\ {1)). ]

To this end, fix any (x,s,t) e X x F(x) x (TU{t+1}\ {1}). By
using the definition of opportunity costs and (B.22) we can write

the opportunity cost in state x with respect to an arbitrary slot
seSattimet—1 as

Vor-1(X) = ¥5:(X) + ¢ (1: (%)) = (e (x + 15)). (B.23)

Fix any s’ € F(x), such that s’ # s. To prove the theorem, we require

TVe(x) =

(B.22)

Vse-1(X+ 1) — Vsr—1(x) > 0 (B.24)
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for all t e TU{tf + 1} \ {1}. Substitute (B.23) into the left-hand side
of (B.24) to obtain

ys,[—l (X + ls’) - ys,t—l (X)
=YX+ 1) — Vs () + (e (X + 15))
—Pex+1+15)) = (e (%) + d(: (x + 15)).

First note that 1 (x+ 15+ 1y) > yr(x+15) and yr(x+ 15+ 1y) >
Ve(x+1g). As ¢(yr(x+ 15+ 1y)) is decreasing in its argument by
Lemma 6(i) and since it is subtracted on the right-hand side of the
above equation, we can create the following lower bound:

(B.25)

Vs.t-1 x+1y) — Vs.t—1 x)
> Voo +1g) — ¥5.:(X) + P (: (x + 1))
—p(max{y:(x+15), 1 (x + 15)}) = (1 (X)) + P (1 (x + 15)).
(B.26)

Using Lemma 6(ii), we bound (B.26) from below by

Vse—1 (X +1g) — Yse-1(%) = dp(min{y; (x + 15), 1 (x + 1) })
- (e (%))

+ Yor (X4 15) = Vs (%), (B.27)

where the minimum is taken element-wise. Since ¢ is both pos-
itive by definition, we construct a lower bound on (B.27) by
dropping the ¢ (min{y:(x+ 1s5), y:(x+1y)}) term on the right-
hand side. Furthermore, since ¢ is decreasing in its argument by
Lemma 6(i), we create another lower bound on (B.27) by setting
¥t (x) = 0. Hence, we obtain

Va1 (X +1g) = Yse1(X)
> _¢(0) + Vs,t(x +1y) - Vs,t(x)

= )\,Bd_lw(z Ws(0)> + Vs (X + 1g) — Vs (%). (B.28)

Since only B! is negative, AB;'W (¥ s ¥5(0)) < 0. independent of
the choice of (s,s',t, x). Therefore, the above inequality describes
a monotonic mapping from ys;(x + 1}) — ysr(x) to Y51 (X +15) —
Vst—1(x) for all (s,s’,t —1,x) e F(x) x F(x) x T x X, such that s #
s’. The bound on ys¢(x+ 15) — ¥5¢(x) will therefore decrease as t
decreases. Hence, ys¢(x + 15) — ¥s(x) will be minimal at t = 1. Us-
ing the monotonicity of this mapping, we can find a A for which
Ys1(X +15) — y5.1(x) > 0 by repetitively applying the above equa-
tion starting from the terminal condition at t = f + 1 to obtain

Vi (X +1g) = Ys1(x) > D‘ﬂ,jlW(Z WS(0)> + Vi1 (X 4+ 1)

= Vsir1 (), (B.29)

where the right-hand side is positive if

0< Ekﬂdlw<z w5(0)> + Vo1 X+ 19) = Vsgq (%)

Veir1 X+ 1) = Vsg1 (%)
tW (3, ¥5(0))

for all (x,s.s') e X x F(x) x F(x), such that s=#s’. The right-
hand side of the above expression is strictly positive, because
opportunity costs are increasing at the terminal condition by
Assumption 3 and therefore, the numerator of the fraction is posi-
tive, W only takes positive values, > 0 and B; < 0. As both X and
F(x) are finite sets, a small enough A > 0 can be found that sat-
isfies all inequalities described by (B.30). Therefore, a A > 0 exists,
such that ys (X + 1) > s (x) for all (x,s,5",t) € X x F(x) x F(x) x
T, such that s #s'.

— A< -y (B.30)



D. Lebedev, P. Goulart and K. Margellos
B3. Proof of Proposition 4(ii)

Fix any (x,t) € X x T. Define u := y;(x) and consider the func-
tion w : RS, +— R® defined by

w) =u—r—pg;' |:1 +W<Z ws(us))]-

In comparison with (B.17), notice that w(u) is mathematically
identical to d*(x) = [d}(x),d5(%),..., di(x)]. Furthermore, W and
Y for all s € S are invertible functions. In particular, their inverses
in the domain of interest are

x =W (x)exp (W(x)) and
u=(In(YsW)—Be—Ps+ DB +1 (B.32)

for all s € S. Therefore, w is a composition of invertible functions
and hence, the mapping between w and u is bijective. Therefore,
the mapping between d*(x) and y:(x), equivalent to the mapping
between w and u, is bijective.

If we constrain d*(x) to D c R®, we can conclude that there
still exists a bijective mapping between D and (an unknown) I'
Ri corresponding to the range of values that y;(x) can take in
this constrained scenario. Conversely, this means that no mat-
ter which d*(x) € D maximises the constrained stage optimisation
problem, there exists 7 (x) € I', which is linked to the same d*(x)
in the unconstrained problem. In other words, there exists y;(x) €
I', which produces the same V;_;(x) in the unconstrained problem
as y:(x) does in the constrained problem. Due to this equivalence,
the following statement is a necessary and sufficient condition for
Proposition 4(i) to hold: Evaluating the unconstrained problem at
Pe(x), ie. Vi1 (x) = p(7: (%)) + Vi (x) for all x € X, there exists a
sufficiently small A > 0 that yields a value function at time t — 1,
whose opportunity cost is increasing in x. From Proposition 4(i),
we know that this statement holds true for all opportunity costs
7:(x) € RS, under Assumption 3. Since $;(x) € I' ¢ RS, there exists
a sufficiently small A > 0 such that the opportunity cost will also
be increasing in the constrained DP.

(B.31)

B4. Completing the proof of Lemma 3(ii)

From Definition 2(b), g; is concave extensible in (x, p) if
g, p) = ) 11qg(a™,q")
qeQ

for all (x, p) € X x P and for all enclosing sets Q, such that [x, p]T =
Y geq Ha[a®, q(P)]T. We show that this inequality holds by start-

ing from the right-hand side and substituting for g;(q®, q(P):

(B.33)

Y a8 (@@, qP) =" g [Z 4P {Ve(@® +15) = Ve (g™)} +Vf(q(*>)]

qeQ qeQ §

= g [Z APV (@ + 1) + (1= Y aP W (q<“)}(B-34)

qeQ s

where we note that each of the summed terms in square brack-
ets is a convex combination on the set A(q®) :={q® u{q® +
Is}sep (g}, Where the set of indices s is F(q™) instead of S, since

qs(p) =0 for all s ¢ F(q™®), i.e. assigning zero transition probability
to infeasible slots. To show that (B.33) holds, we now derive the
supporting result that there exists a small enough A > 0, such that
the concave closure V;(y), evaluated at any point y € X, is a hy-
perplane on the set A(y), which will make it possible to simplify
(B.34) further.

Fix any yeX and consider the wunit hypercube in
the positive direction of y, which we define as B(y) :=
{z |y <z<y+ Yk 1;}. We will show that only points in
A(y) form the concave closure around y by demonstrating that
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for all y" € B(y) \ A(y), the line segment between (y,V;(y)) and
(', Ve (y)) lies below a second line segment between two other
points (z,V;(z)) and (Z/,V;(Z")) for some (z,Z") € B(y) x B(y), i.e.
we will show that there exists some (z,z') € B(y) x B(y), such
that

aVi(y) + (1 =i (y) < BVi(2) + (1 = PIVi (@), (B.35)

where 0 <o <1and 0< B <1, such that ay+ (1 -a)y = Bz+
(1 - pB)Z for all y’ € B(y) \ A(y). This means that the line segments
cannot be part of the concave closure V;. We show this result by
induction on |F(y)|. Consider the base case when |F(y)| =1, then
(B.35) is trivially satisfied as there is only a single element s € F(y),
meaning that the set B(y) \ A(y) =#. Let n :=|F(y)|. Suppose by
means of an induction hypothesis that (B.35) holds for all cardi-
nalities of F(y) up to and including n — 1. Then the only line seg-
ment that we need to consider is the one connecting y and y’ =
¥+ Y ser(y) 1s. because otherwise, we are in a lower-dimensional
case, for which (B.35) holds by the induction hypothesis. For this
choice of (y,y’), we can find a quadruple (z,Z, «, B) that satisfies
(B.35) by repetitively invoking Proposition 4(ii) as follows: There
exists a sufficiently small A > 0, such that

()
<y(y+12)

<ny+la+13) (B.36)

<V + Lo 1s).
where we have defined o :=F(y) \ {1}, which - strictly speaking
- depends on y and s = 1, but we neglect this to ease notation. We
can expand the first and last line of the above chained inequality
by using the definition of opportunity costs:
ney <ny+>_1)

Seo
= Vi) Vi@ +1) <V(y+ ) 1) -Vi(y+ X 1)

seo ng(y)

S V@) -+ 1) < iy + Y 15) - V).

seo

(B.37)

where we have used y' =y + > seF(y) 1s as previously. Rearranging
and multiplying both sides by 1,2 yields

= S N0 <t T 1) ghe 1), (B39
Comparing with (B.35), we see that « =B =1/2, z=y+ Y (s 15
and Z' =y + 1;. To illustrate this for the case when n = 3, we plot
the points y,y".y + > 5., 1s and y + 1; as well as the line segments
between the former and latter pair of points in Fig. B.4 below.

Since we have found a quadruple (z,Z,«, ) that satisfies
(B.35), we conclude that no y’ € B(y) \ A(y) can be part of the con-
cave closure V; for all y € B(y) and for all n. Therefore, only points
in A(y) can be part of the concave closure V; for all y € B(y) and,
in fact, they all are, since the |F(y)| + 1 points in A(y) uniquely de-
fine the support vectors of a hyperplane through {(v, V: (¥))}yca(y)-
i.e. each y € A(y) giving rise to one linearly independent equality
constraint, such that all |F(y)| gradients and the offset of the hy-
perplane are uniquely defined. This holds true for unit hypercubes
B(y) for all y e X and hence, there exists a small enough A > 0,
such that V; is a hyperplane on the set A(y) for all y € X.

Returning to (B.34), we notice that the expression in square
brackets is a convex combination on the set A(q®)), which means
that V; is a hyperplane on this set. Hence, we can rewrite
(B.34) with equality as

D Hege (@Y, qP) =" gV
qeQ qeQ

(Z "1 + q‘”)
S
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X3

r///
/// /r
y+ z 15 =

/

Fig. B4. Green, dotted line segment between y and y’ and red, dotted line segment
between y + Y, 15 and y + 1;. By (B.38) we have that at the intersection of the
two lines, the interpolation of V; between the two extreme points of the red line
lies above the interpolation of V; between the two extreme points of the green line.
The light blue, solid line box spans all the points in B(y). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

<V Z Mq |:Z a1 + q(x)]

qeQ s
T 1Y 1 +x
S qeQ

=V <leps+><)
=> ps{Ve(x + 15) = Vi (0} + Vi (%)

=g (x. p), (B.39)

where the second-last equality follows from the observation that
the convex combination of V; is evaluated on a set A(x), for
which V; is again a hyperplane, and the inequality is obtained by
noticing that V; is concave in x and therefore, Jensen’s inequal-
ity holds. From the above derivation, we conclude that g (x, p) >
Y geq a8t (@™, qP)), as required. Therefore, there exists a suffi-
ciently small A > 0, for which g; is concave extensible in (x, p) if
V; is concave extensible in x. O

Appendix C. Proof of Lemma 5

Fix any t € T. We prove the result by first showing that oppor-
tunity costs y; are non-decreasing in x and then showing that opti-
mal prices exhibit the desired monotonicity property with respect
to opportunity costs.

By Proposition 4(i), the inequality ys(x+ 1y) > ¥s¢(x), for all
(x,s,5') e X x F(x) x F(x), such that s#s’, holds in the uncon-
strained DP. We now show that this inequality also holds for the
case when s =s' with non-strict inequality. By Theorem 2, V; is
concave extensible in x and hence

Vix+15) > Ve(x) + Ve(x + 15+ 15) (C1a)
= Vix+1) -Vix+ 154+ 15) = Vi(x) = Vi (x + 1y)
= Var(X 4+ 1) = s (%), (C.1b)

for all (x,s) € X x F(x), where (C.1)(a) follows directly from the
definition of concavity and the fact that V; and its concave clo-
sure V; agree on {x,x+ 15,x+ 15+ 15}. Note that (C.1)(b) follows
from the definition of ys,. Taking both cases together, we conclude
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that ys:(x +1y) > ys(x), for all (x,s,5") € X x F(x) x F(x). Hence
opportunity costs are monotonically non-decreasing in x.

We now show that the desired monotonicity property holds
with respect to opportunity costs, which in turn implies that the
property holds with respect to x. Recall from (B.17) that

d; () = Vs () =1 = B | T+WL D ¥ (e ) ) |, (C2)

where W and v, for all s € S are defined in B.1. Let u := y;(x). By
(B.6), we have that

* — W (s Vs (us)) W5 (us) o
ads — 1 THW (Y, Vs () 3o Vs (us) fors=s (C 3)
dug W Ws(us)  Yulug) fors 2. '

TTW O ¥ (us)) Yy Y ()

The value of the product of the fractions lies in (0,1), since the
value of W is non-negative and the value of v is positive. Hence,
we have

dd:

ad; ,
TR <0, forall s’ eS\ {s}.

>0 and Ju,

(C.4)

Noting that u=y:(x) and that y;(x) is monotonically non-
decreasing in x yields the desired property. O
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