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We consider a multi-agent setting with agents exchanging information over a possibly time-varying
network, aiming at minimising a separable objective function subject to constraints. To achieve this
objective we propose a novel subgradient averaging algorithm that allows for non-differentiable
objective functions and different constraint sets per agent. Allowing different constraints per agent
simultaneously with a time-varying communication network constitutes a distinctive feature of our
approach, extending existing results on distributed subgradient methods. To highlight the necessity of
dealing with a different constraint set within a distributed optimisation context, we analyse a problem
instance where an existing algorithm does not exhibit a convergent behaviour if adapted to account for
different constraint sets. For our proposed iterative scheme we show asymptotic convergence of the
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Consensus We also analyse this scheme under a step size choice of —2—, n > 0, and establish a convergence

Vi+1’
rate of O(%) in objective value. To demonstrate the efficacy of the proposed method, we investigate

a robust regression problem and an ¢, regression problem with regularisation.
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1. Introduction

Distributed optimisation deals with multiple agents inter-
acting over a network and has found numerous applications
in different domains, such as wireless sensor networks (Bain-
gana, Mateos, & Giannakis, 2014; Mateos & Giannakis, 2012),
robotics (Martinez, Bullo, Cortes, & Frazzoli, 2007), and power
systems (Bolognani, Carli, Cavraro, & Zampieri, 2015), due to
its ability to parallelise computation and prevent agents from
sharing information considered as private. Typically, distributed
algorithms are based on an iterative process in which agents
maintain some estimate about the decision vector in an op-
timisation context, exchange this information with neighbour-
ing agents according to an underlying communication protocol/
network, and update their estimate on the basis of the received
information.

Despite the intense research activity in this area, only a few
algorithms can simultaneously deal with time-varying networks,
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non-differentiable objective functions and account for the pres-
ence of constraints (Liang, Wang, & Yin, 2019; Margellos, Fal-
sone, Garatti, & Prandini, 2018; Nedi¢ & Olshevsky, 2015; Xi
& Khan, 2017; Zhu & Martinez, 2012), features that are often
treated separately in the literature. Several of the commonly
employed methods are based on a projected subgradient or a
proximal step and their analysis consists of selecting the step
size underlying these algorithms, establishing a convergence rate
analysis, and quantifying practical convergence for (near-)real
time applications.

In this paper, we study a class of optimisation problems that
involves a separable objective function, while the feasible set can
be decomposed as an intersection of different compact convex
sets. A centralised version of this class of problems has been
studied under a stochastic setting in Bianchi (2016) and Patrascu
and Necoara (2018). Distributed algorithms for this class have
been proposed in Johansson, Keviczky, Johansson, and Johansson
(2008), Lee and Nedi¢ (2013), Lin, Ren, and Song (2016), Mai
and Abed (2019), Margellos et al. (2018), Nedic and Ozdaglar
(2009), Nedic, Ozdaglar, and Parrilo (2010) and Zhu and Martinez
(2012). References Johansson et al. (2008), Nedic and Ozdaglar
(2009) and Nedic et al. (2010) rely on Bertsekas and Tsitsiklis
(1989) and Tsitsiklis, Bertsekas, and Athans (1986) to propose
a distributed strategy based on projected sub-gradient methods.
These results consist of an averaging step followed by a local
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sub-gradient projection update. In Margellos et al. (2018) a dis-
tributed scheme based on a proximal update is proposed, thus
extending Johansson et al. (2008) and Nedic et al. (2010) to the
case where different local constraint sets and an arbitrarily time-
varying network are considered. The authors in Zhu and Martinez
(2012) provide asymptotic convergence for a primal-dual algo-
rithm that allows coupling between agents’ local estimates. We
discuss additional related results in Section 4, after the proposed
algorithm is presented and some notation introduced.

We motivate our approach by constructing an example show-
ing that extending available algorithms to the case of different
constraint sets might not exhibit a convergent behaviour for all
problem instances. Hence, a direct adaptation of existing schemes
is not always possible when dealing with different constraint
sets. Notice also that distributed algorithms developed for the
unconstrained case cannot be trivially adapted to our setting, as
lifting the constraints in the objective (e.g., via characteristic func-
tions) would violate boundedness of the subgradient, a typical
requirement for such algorithms (Duchi, Agarwal, & Wainwright,
2012; Margellos et al.,, 2018; Nedi¢ & Olshevsky, 2015; Nedic
et al,, 2010).

The main contribution of this paper is the introduction and
the characterisation of the convergence rate for a new subgra-
dient averaging algorithm. The proposed scheme allows us to
account for time-varying networks, non-differentiable objective
functions and different constraint sets per agent as in Margellos
et al. (2018), while achieving faster practical convergence as
it is based on subgradient averaging as in Duchi et al. (2012),
Johansson et al. (2008) and Mai and Abed (2019). Note that al-
lowing simultaneously for different constraint sets per agent and
time-varying communication network by means of a subgradient
averaging scheme is a distinct feature of the algorithm in this pa-
per. Preliminary results related to this paper appeared in Romao,
Margellos, Notarstefano, and Papachristodoulou (2019), where
several proofs have been omitted. Moreover, the construction
of Section 2.2 that motivates the analysis of algorithms with
different constraint sets is novel, and offers insight on the limita-
tions of existing algorithms. We also provide detailed numerical
examples, not included in the conference version.

The paper is organised as follows. In Section 2 we present
the problem statement, the network communication structure,
and the main assumptions adopted in this paper, followed by
a numerical construction that motivates the algorithm of this
paper. In Section 3 we present the proposed scheme and the main
convergence results, namely, asymptotic convergence in iterates
and a convergence rate as far as the optimal value is concerned.
Section 4 provides detailed discussion and comparison of our
scheme with other results in the literature. In Section 5 we study
the robust linear regression problem and ¢, regression with reg-
ularisation to demonstrate the main algorithmic features of our
scheme and to compare our strategy against existing methods.
Finally, some concluding remarks and future research directions
are provided in Section 6. To ease the reader all proofs have been
deferred to the Appendix).

Notation: We denote by R the set of real numbers and N the set
of natural numbers (excluding zero). The symbol R" stands for
the Cartesian product R x --- x R with n terms. A sequence of
elements in R" is denoted by (x(k))ken. For any set X C R", we
denote its interior, relative interior and convex hull by int(X),
ri(X), and conv(X), respectively. We also denote by f(X) as the
image of the set X over a function f. The subdifferential of f at a
point x € domf is denoted by df(x). For any point x € R", ||x|»
stands for the Euclidean norm of x and ||x||; for the £; norm of
x € R", which are reduced to |x| if x is scalar.
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2. Problem statement and a motivating example
2.1. Problem set-up and network communication

Consider the optimisation problem

minimise f(x) = Zfi(x) (1)
i=1

subject to x € NI, X;,

where x € R" is the vector of decision variables, and f; : R* — R
and X; C R" constitute the local objective function and constraint
set, respectively, for agent i, i = 1,...,m. We suppose that
each agent i possesses as private information the pair (f;, X;) and
maintains a local estimate x; of the common decision vector x.

The goal is for all agents to agree on the local variables, that
is, x; = x*, for alli = 1, ..., m, where x* is an optimiser of (1),
i.e, a feasible point such that f(x*) < f(x) for all x € N X;. We
impose the following assumption.

Assumption 1. We assume that:

(i) Foralli=1,...,m, the function f; is convex.
(if) The set X; C R" is compact and convex foralli=1,...,m,
and N, X; has a non-empty interior.
(iii) The subgradient of the function f(x) is bounded on U ,X;,
that is, L = max £, IE]l2 < o0.

xeUim1Xj

Assumption 1 imposes standard restriction for constrained
non-smooth optimisation. Item (ii) implies informally that U7 | X;
has volume in R", i.e., that the affine hull of U;_{X; has dimension
n. Moreover, the compactness assumption of item (ii) guaran-
tees that the optimal set of problem (1) is non-empty. Item (iii)
is an assumption that is needed to prove convergence of sub-
gradient methods applied to problem (1). Under item (iii), the
sub-gradient of the function f can be evaluated at points that be-
long to UL | X;. We provide in Appendix A.2 a technical condition
on the domain of the functions f; that is sufficient to guarantee
that Assumption 1, item (iii), holds. An important consequence of
Assumption 1 is given in the following lemma.

Lemma 1. Under Assumption 1, we have that:

(i) The set conv(U[" ,X;) is compact.
(ii) The function f is Lipschitz continuous over N .X;, ie., the
following inequality hods

&)= fOIl < Lix—yll2,

where L is the constant defined in Assumption 1.

Vxy e N X,

Typical choices of functions that satisfy Assumption 1 are
piecewise-linear functions, quadratic convex functions and the
logistic regression function.

In this paper, we aim to solve problem (1) through a network
of agents that use only the available local information, namely,
the pair (f;, X;) and the current estimate for the optimal solution,
xi(k), i = 1,...,m, maintained by agent i at a given instance k.
We will show how x;(k),i = 1,...,m, can be constructed and
updated in Section 3, with k playing the role of iteration index.
To this end, we now characterise the underlying communication
network. Let G(k) = (N, £(k)) be an undirected graph, where
N ={1,..., m} is the number of agents and £(k) C M x N is the
set of edges at iteration k, that is, only if node (j, i) € £(k) then
node j sends information to node i at iteration k. We associate
the time-varying matrix A(k) to the edge set £(k), with [A(k)]} >0
only if (j, i) € £(k) at time k. As the graph is undirected, the matrix
A(k) can be chosen to be symmetric. We also define the graph
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Goo = (N, Ex), in Which (j, i) € &4 if agent j communicates with
agent i infinitely often. We impose the following assumption on
the matrix A(k).

Assumption 2. We assume that:

(i) The graph (N, £») is connected. Moreover, there exists a
uniform upper bound on the communication time for all
(j, 1) € Exo-

(ii) There exists n € (0, 1) such that for all k € N and for all
i,j=1,...,m[AK)]; > n, and if [A(k)]; > O then we have
that [A(K)]; > .

(iii) Matrix A(k) is doubly stochastic.

These are standard requirements in the distributed optimi-
sation literature. We refer the reader to Duchi et al. (2012),
Margellos et al. (2018), Nedi¢ and Ozdaglar (2009) and Nedic et al.
(2010) for more details.

2.2. Dealing with different constraint sets
In this section, we highlight the necessity of developing a new

algorithmic scheme to deal with the presence of a different con-
straint sets per agent. To this end, consider the iterative scheme’

zitk+ 1) =Y "[Aliz(k) + gi(k) (2a)
j=1
xi(k+ 1) = argminz(k + 1€ + —— &2, (2b)
FeX; c(k)

which consists of a modified version of the algorithm considered
in Duchi et al. (2012), adapted to account for different constraint
sets in each agent’s local optimisation problem. In the setting of
the previous section, notice that matrix A in (2a) corresponds to a
time-invariant network G(k) = (W, &), for all k € N. Assumption 2
is satisfied if the graph (W, &) is connected and matrix A is
doubly-stochastic.

Observe that (2a) constitutes a subgradient update step, with
neighbouring local variables zj(k) being “mixed” according to the
matrix A and added to gij(k) € dfi(xi(k)), i.e.,, a subgradient of
fi evaluated at x;(k), i = 1,..., m. Step (2b) is an optimisation
programme with the objective function being the sum (weighted
via c(k)) of

zi(k + 1)T&: linear “proxy” of f,

and a regularisation term ||$||%. To comply with Duchi et al.

(2012), we set c(k) = ﬁ Recall that the algorithm in Duchi
et al. (2012) involves the same constraint set in the update rule
of (2b), that is X; = X for all i = 1,...,m, and possesses a

guaranteed convergence rate of O(!2¥) for the running averages

of the iterates x;(k); here, we introduce a different set X; per agent
and show that this (natural) modification may lead to erroneous
results.

Consider a two-agent instance of (1), i.e, m = 2 with x € R?,
fi=x"Qx+q/x+r;, fori=1,2and

12 04 s [ 293
Q=104 18| ©"=|_a|" ©=|_1146]|"
n= 20, = 25. (3)

The local constraint sets are given by X; = [—1, 1] x [—1, 1] and
X, = [0.5,2.5] x [0.5,2.5]. The feasible set X; N X, is the box

1 It should be noted that z;,i =1, ..., m, in (2a) should not be confused with
that of Step 2 in Algorithm 1 presented in the sequel; we use the same symbol
to match the notation in Duchi et al. (2012) and ease the reader.
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Fig. 1. Geometric representation of problem instance encoded by (3). The red
ellipsoids (dashed lines) correspond to the level curves of f;, the blue ellipsoids
(double-dashed lines) represent the function f;, while the black (solid lines)
ellipsoids correspond to the ones of f = f;+f>. The shaded red box illustrates the
constraint set Xy, while the shaded blue box illustrates X,. Vectors 8} = [—1, 1"
and %5 = [0.5, 2.5]7 are the optimal solutions of fi(x) and fo(x) under the
constraints X; and X5, respectively. The global optimal solution of f = f;+f, with
matrices given by (3) subject to x € X; NX, is denoted by x*. This construction
shows that X} and X% constitute fixed-points of (2) thus preventing the iteration
from reaching x* if initialised at those points.

[0.5, 1] x [0.5, 1]. Fig. 1 depicts the level curves of the quadratic
functions f(x) (dashed-red lines), f, (double-dashed lines), and
f = fi + f> (solid-black lines). The red and blue boxes represent
the sets X; and X; respectively, with the feasible set, X; X5, being
also indicated in the figure in black.

By inspection the optimal solution of f; under the constraint
X € Xy is X = [—1, 1]". Similarly, the optimal solution for f,
under x € X, is & = [0.5,2.5]". We then have the following
proposition.

Proposition 1. Let (z;(k))ken, (Xi(k))ken, i = 1, 2, be the sequences
generated by algorithm (2) when applied to problem (3) with initial
conditions x;(0) = X7, i = 1,2, and with A = %HT and c(k) =

L_ We have that
k+1

T

x1(k) =%}, x(k)=%,, VkeN.

Proposition 1 shows that X] and X} constitute fixed points
of (2), hence the iteration cannot reach x* if initialised from these
points. This highlights the necessity of devising a new algorithm
to deal with the presence of a different constraint set per agent.

3. Distributed methodology
3.1. Proposed algorithm

The main steps of the proposed scheme are summarised in
Algorithm 1. We initialise each agents’ local variable with an
arbitrary x;(0) € X, i = 1,..., m; such points are not required
to belong to N, X;.

At iteration k, agent i receives x; from the neighbouring agents
and averages them through A(k), which captures the communica-
tion network, to obtain z;(k). Recall that we denote the element
of the j-th row and i-th column of matrix A(k) by [A(k)]. Agent
i then calculates a subgradient, g;, of its own objective function
evaluated at z;(k) and broadcasts this information back to its
neighbours. In the sequel, agent i averages the received gj(z;(k))
in order to compose a proxy for a subgradient of f(x), namely,
d;(k). Finally, agents minimise a linear proxy d;(k)'&¢ of f(&) plus
a regularisation term weighted by ﬁ An alternative interpre-
tation of this last computation is that agents update their local
estimates by performing a subgradient step with step size c(k)
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and projecting z;(k) — c(k)di(k) onto their local set. Indeed, this
local update can be rewritten as
xi(k + 1) = Px,[zi(k) — c(k)di(k)]

where Py, [-] denotes projection onto the set X;.

Algorithm 1: Proposed distributed algorithm

Require: : x;(0), i=1,...,m

For i =1, ..., m, repeat until convergence

1: Compute z(k) = Y [A(K)1x(k),

2: Pick gi(zi(k)) € dfi(zi(k)),

3: Compute di(k) = >, [A(K)Iigi(z(k)),

4: Compute x;(k + 1) = argmingx, di(k Ve + 2c ||z, $||2,
5: Setk < k+1

end

3.2, Algorithm analysis

3.2.1. Convergence in iterates
In this subsection, we impose the following assumption on the
step size c(k).

Assumption 3. Let (c(k))ken be the sequence adopted in Algo-
rithm 1. We require that:

(i) c(k) is non-negative and non-increasing;
(i) Y po c(k) = oo and Y2, c(k)?

A sequence satisfying Assumption 3 is c(k) = for n > 0.

k+1'

Theorem 1. Let (x;(k))ken be the sequences generated by Algorithm
1, foralli = 1, ..., m. Under Assumptions 1-3, we have that for
some minimiser x* of (1)

lim ||xi(k) —x*[2 =0, Vi=1,...,m
k— o0

The proof of Theorem 1, as well as of Theorem 2 presented in
the sequel, is based on some auxiliary technical results presented
in Appendix A.4. Theorem 1 extends the result in Margellos
et al. (2018) by allowing an agent to communicate subgradient
information to neighbouring agents, a feature that, as illustrated
in Section 5, can speed up practical convergence.

3.2.2. Convergence in objective value and convergence rate
Throughout this section, we impose the following assumption
on the step size c(k).

Assumption 4. The sequence (c(k))ey used in Algorithm 1 is
c(k) = J% for some n > 0.

Our convergence rate results build on the following related
sequence generated by Algorithm 1,
k
1
= S0 c(r (4)
( )r:I

where S(k) = Zr:1 c(r), and (xi(k))ken, for alli = 1,..., m, are
the sequences generated by Algorithm 1, with initial condition
Xi(0) = x;(0). Note that (4) is a convex combination of past
iterates.

Theorem 2. Consider the running average defined in (4). Under
Assumptions 1, 2, and 4, we have that:
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(i) For all i,j = 1,.
converges to zero at a rate o(

,m, thel sequence (1%i(k) — (k) en
n

)

(ii) All accumulation points of the sequence (X;(k))ren are feasible.
(iii) The sequence |Z?;1ﬁ($c,-(k)) — f(x*)|)ken converges to zero at

a rate (’)(ly‘)

Note that Theorem 2 asserts convergence of the function value
along the running average x;(k), i.e., all limit point of (X;(k))ken
are optimal, however, the iterates might exhibit an oscillatory
behaviour. For the exact expression of B; and B,, we refer the
reader to Appendix A.6. The absolute value in Theorem 2 is due to
the fact that x;(k) may not be necessarily feasible; however, item
(ii) in Theorem 2 implies that all accumulation points of (Xi(k))en,
i = 1,...,m, are feasible. Item (i) states the rate at which
consensus is achieved for the sequences (Xj(k))ken, i =1, ..., m.
Similar rates can be obtained with more general choices for the
step size, e.g., c(k) = ka, fora € [0.5, 1).

It should be noted that the result of Theorem 2 further extends
the work presented in Margellos et al. (2018) not only by allowing
agents to communicate their (sub-) gradients, but by also unveil-
ing how to (non trivially) adapt the proof line in that paper to
come up with convergence results that recover traditional rates
for distributed subgradient methods. This is the first convergence
rate result under the scenario considered in this paper.

4. Comparison with related algorithms

In this section we provide a detailed comparison of the pro-
posed algorithm with other results in the literature. To this end,
note that in Johansson et al. (2008) a similar distributed sub-
gradient scheme is mentioned, but no analysis of such a scheme is
presented. References Lee and Nedic¢ (2013) and Lin et al. (2016)
characterise the convergence rate of a sub-gradient algorithm
under different constraint sets per agent that does not possess
subgradient averaging. References Margellos et al. (2018) and Zhu
and Martinez (2012) show asymptotic convergence of distributed
algorithms with different constraint sets and time-varying com-
munication network. Hence, by combining (sub)-gradient averag-
ing and providing an analysis that yields convergence rates under
time-varying communication networks and different constraint
sets per agent, the results in this paper are distinct from all the
above literature.

Closely related algorithms to the one presented here are Mai
and Abed (2019) and Wang et al. (2019). Paper Mai and Abed
(2019) provides convergence rates assuming a regularity condi-
tion on the local sets (weaker than compactness) and requiring
the network to be row-stochastic; however, it does not analyse
the case where the communication network is time-varying. This
requires different analysis arguments, thus complementing the
results in Mai and Abed (2019), extending them to allow for
time-varying networks. Meanwhile, paper Wang et al. (2019) pro-
poses a subgradient-free algorithm that converges under differ-
ent constraint sets and undirected time-varying network, which,
however, does not involve any subgradient averaging when spe-
cialised to use subgradients. Moreover, the example of Section 2.2
highlights the need for developing a different analysis when
agents possess different constraints sets.

Although only marginally related to the results of this paper,
it is worth mentioning distributed algorithms that deal with
similar optimisation problems (Qu & Li, 2018; Scutari & Sun,
2019; Shi et al., 2015). Paper Scutari and Sun (2019) proposes an
algorithm whose convergence is valid for non-convex objectives
and directed communication network, while Qu and Li (2018) and
Shi et al. (2015) use a constant step size to establish linear conver-
gence rates for strongly convex functions. Moreover, distributed
algorithms based on proximal methods with constant step sizes
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Table 1

Summary of distributed schemes for smooth and non-smooth optimisation.

Automatica 131 (2021) 109738

Smooth + Constant step-size

Non-smooth + Diminishing step-size

Common sets

Different sets

Common sets

Different sets

Convex Strongly Convex Strongly Convex Strongly Convex Strongly
Convex Convex Convex Convex
No (sub)grad. Jakovetic, Yuan et al. Lei, Chen, and - Nedi¢ and Liu, Qiu, and Xie Lee and Nedi¢ -
avg. Moura, and (2016) Fang (2016), Olshevsky (2017), Tsianos, (2013), Lin et al.
Xavier (2012), Xie, You, Tempo, (2015), Scutari Lawlor, and (2016),
Nedic and Song, and Wu and Sun (2019) Rabbat (2012) Margellos et al.
Ozdaglar (2009), (2018) (2018), Wang,
Yuan, Ling, and Zhao, Hong, and
Yin (2016) Zamani (2019),
Zhu and
Martinez (2012)
(Sub)grad. Qu and Li Qu and Li - - Duchi et al. - our work, Mai -
avg. (2018), Scutari (2018), Scutari (2012), Liang and Abed (2019)
and Sun (2019), and Sun (2019), et al. (2019),
Shi, Ling, Wu, Shi et al. (2015) Scutari and Sun
and Yin (2015), (2019), Xi and
Zanella, Khan (2017)
Varagnolo,
Cenedese,

Pillonetto, and
Schenato (2016)

have been proposed in Chen and Ozdaglar (2012). In this setting,
the objective function is assumed to be differentiable to obtain
convergence to the optimal solution of problem (1), and the size
of the allowable step-size is upper bounded by a quantity related
to the Lipschitz constant of the objective function. Unlike these
results, we allow for non-differentiable objective functions.

To better position this paper within the recent literature, we
summarise the main distributed algorithms that are amenable
to smooth and non-smooth constrained optimisation in Table 1.
We highlight both scenarios of common and different local con-
straint sets, which are indicated in the table by common sets
and different sets, respectively. In this brief summary, we re-
strict our attention to algorithms that use constant step size
for smooth optimisation, and to those that use diminishing step
sizes for the non-smooth case. We also present a categorisation
of these schemes between those that have results for general
convex functions and strongly convex functions. In row entitled
“No (sub)grad. avg.”, we include distributed algorithms based on
projected (sub)gradient, proximal minimisation, and primal-dual
update that do not leverage on averaging first-order information
from neighbouring agents. In contrast, row “(Sub)grad. avg.” in-
cludes algorithms that exploit (sub) gradient averaging. Among
the few papers that are suitable for different local sets, this
is the first result to establish a convergence rate that matches
that of the common local sets case, and simultaneously allows
agents to use first-order information of their neighbours un-
der time-varying communication networks, thus speeding up
practical convergence.

5. Numerical examples
5.1. Problem instance of Section 2.2 — revisited

We revisit the two-agent problem in (3), for which the itera-
tive scheme in (2) is not guaranteed to converge, and apply this
time our algorithm. Note that the optimal solution of (3) is given

by
. 1, 0.5
X" = Pos,172 —gQ (1 +q2)| = )

where Py 5 12[-] represents the projection onto the feasible set
of problem (3). Pictorially x* is shown in Fig. 1. To illustrate the

0 5000 10000 15000

Tteration (k)

Fig. 2. Evolution of w/Z,‘z:1 Ixi(k) — x*[13 for (3), where (Xi(k))en,i = 1,2, are

the iterates generated by Algorithm 1.

convergence properties of Algorithm 1 we monitor the evolution

of Z,il lxi(k) — x*ll%, where (x;(k))ken, i = 1, 2, are the iterates

generated by Algorithm 1. We use c(k) = ﬁ similarly to Duchi

et al. (2012), A = 1117 and x(0) = X, where X!, i = 1,2,
are defined in Section 2.2. Observe that our initial condition is
the same as in Proposition 1. In contrast, as shown in Fig. 2,
the iterates generated by Algorithm 1 converge to the optimal
solution of (3).

5.2. Example 2: robust linear regression

We consider the problem of estimating an unknown (but
deterministic) vector x € R" from m noisy measurements y; by
means of the linear model

yi=blx+uv, i=1,...,m,

with b; € R", and v; are independent random variables drawn
from a Laplacian distribution, that is, for each i the density of v;
is given by h,,(z) = - exp~/% for all z € R.

A common strategy is to impose a norm constraint of the form
llx]|2 < c, for some ¢ > 0, to reflect some prior knowledge on the
unknown vector x, and solve the second order conic programme

X € argmin ||y — Bx||;. (5)
Ixllz=c

Typically, (5) is referred to as robust regression in the literature,

as the ¢,-norm penalises relatively less outliers than other convex
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Fig. 3. Evolution of M for Algorithm 1 (solid lines) and the one

in Duchi et al. (2012) (dashed lines) when applied to the robust regression
problem given by (5). The different colours correspond to the different network
connectivities.

metrics (e.g., quadratic penalties). In our set-up, we consider the
case where data are collected locally and agents are not willing
to share their measurements with a central processing unit.

Observe that (5) has the format of (1) by setting X; = X =
{x € R" : |Ix|o < 5}and fi(x) = |yi—blx[,i = 1,...,m.
Moreover, the constraint sets X; and the objective functions f;,
i=1,...,m, trivially satisfy Assumption 1. Hence, we can apply
the proposed scheme to obtain a solution to (5). We consider
m = 30 and n = 4 and generate y independently from a standard
Gaussian distribution, and matrix B from a uniform distribution
with support [0, 1].

We solve (5) in a distributed manner, and compare Algorithm
1 with the one proposed in Duchi et al. (2012) under four differ-
ent network connectivity structures: (i) complete network graph
(which corresponds to the centralised version of the problem);
(ii) line network graph; (iii) sparse network graph with sparsity
degree d = 0.3; (iv) sparse network graph with sparsity degree
d = 0.8. We say that a network with m agents has a sparsity
degree d € (0, 1) if the number of connections among the
network nodes is given by dm?, where m? indicates the number
of connections of a complete graph.

We assess the performance of Algorithm 1 for each of the
aforementioned networks in Fig. 3. Solid lines correspond to
Algorithm 1, whereas dashed lines correspond to the algorithm
proposed in Duchi et al. (2012). Different colours correspond to
the different networ3l§ connectivities. For each case, we monitor
the evolution of M where f* is the optimal value
of (5). The proposed scheme exhibits similar and often favourable
performance with the one in Duchi et al. (2012), in particular
for cases where the underlying graph is not sparse. It should
be noted, however, that Algorithm 1 possesses more general
convergence properties, i.e., the proposed scheme is guaranteed
to converge under non-identical local sets.

Note that due to the fact that Algorithm 1 requires two rounds
of communication per iteration, the results presented in Fig. 3
should be rescaled by a factor of two if we use communication
rounds instead of the iteration index.

5.3. Example 3: £, linear regression with regularisation

In this example, we consider a variation of the regression
problem where we assume v;, i = 1,...,m, to be independent
and Gaussian, ie., the density function is given by h,(z) =

2
%e‘%, forallz e R, foralli =1, ..., m, and we assume that
2

X is sparse. A common relaxation of this problem is to choose the
maximum likelihood estimator x such that

% = argmin [ly — Bx|3 + A[x|. (6)

xeX
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Fig. 4. Evolution of the average distance to the optimal solution given by

VI fxiCk)—x* 13

300 for Algorithm 1 (solid-red line) and that of Margellos et al.
(2018) (dashed-blue line).

where X can be interpreted as a set including prior beliefs,
eg, [x]l2 < corx < x < x for some vectors x,x € R". The
estimator X obtained by solving (6) depends on the value of the
parameter A. In fact, the larger the value of X, the worse the
performance is in terms of the error and the sparser the obtained
solution is.

In this example, we aim to verify the performance of Algo-
rithm 1 under step size choices c(k) ﬁ and a time-varying
communication network. Similar to the previous example, the
vector y is generated according to a standard normal distribution
and matrix B from a uniform distribution on the interval [0, 1].
We assume m > n and consider the case where agents possess
private, local information, encoded by X; = [x;, %]i=1,...,m,
such that X = N X; = [x, X].

The algorithm presented in Duchi et al. (2012) does not nec-
essarily converge in the set-up of problem (6), as we have dif-
ferent constraint sets per agent. We thus compare our algorithm
against the one proposed in Margellos et al. (2018), which con-
verges under similar conditions but does not leverage on subgra-
dient averaging. This allows us to assess the impact of averaging
subgradients on practical convergence.

We now investigate the behaviour of the proposed algorithm
in the presence of time-varying communication networks. To this
end, we set m = 300 and n = 10, and generate four network
configurations with different sparsity patterns, alternating cycli-
cally among these. We also set c(k) = k% for both Algorithm 1
and the one in Margellos et al. (2018). Fig. 4 shows the evolution
for the average distance to the optimal solution for Algorithm 1
(solid-red line) and the one in Margellos et al. (2018) (dashed-
blue line). We observe that Algorithm 1 consistently outperforms
the one proposed in Margellos et al. (2018); this is mainly due to
the sub-gradient averaging step of Algorithm 1.

6. Conclusion

In this paper we proposed a subgradient averaging algori-
thm for multi-agent optimisation problems involving non-
differentiable objective functions and different constraint sets per
agent. For this set-up we showed by means of a geometric con-
struction that available schemes involving subgradient averaging
cannot be used. For the proposed scheme we showed conver-
gence of the algorithm iterates to some minimiser of a centralised
problem counterpart. Moreover, we have also established a con-
vergence rate under a particular choice for the underlying step
size. The performance of our approach was illustrated by means
of several numerical examples, quantifying also the improvement
in terms of practical convergence with respect to other algorithms
that are not based on (sub)gradient exchange.
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Future work will concentrate towards replacing the diminish-
ing step size employed by our approach with a constant one,
showing convergence rates to a neighbourhood of the set of
optimal solutions. A more detailed study on the communication
requirements, and an investigation on how we could reduce
the two rounds of communication required by the proposed
algorithm are also topics of current work.
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Appendix

A.1. Proof of Lemma 1

We start by proving item (i). Consider the continuous mappmg
¢ :R™ x [[L, R" — R", defined as ¢(y, X1, ..., Xm) = D i, ViXi
where y = (y1, ..., ym) belongs to the simplex in R™, denoted
by I'. Consider K = ¢(I", ]_[i";1 X;), and note that K is compact,
as it is the image of the compact set I" x [], X; under the
continuous map ¢. Moreover, note that by definition we have
K < conv(U,X;), as any element in K is a convex combination
of elements in U!" ,X;. To conclude the argument, we need to
show that conv(UZ,X;) € K. To this end, it suffices to show
that K is a convex set, due to the fact that the convex hull is
the smallest convex set containing a given set. Let z, w € K,
e,z = Y vz and w = Y[, Bw; with z, w; € X, and
y = 1,5 ¥Ym)h B = (B1,---,Pm) € I'.Fixan a € (0, 1),
and note that «z + (1 — o0)w = Z;’ll(ayi + (1 — «)Bi)x;, where
X = ¢izi + (1 — ¢;)w; € A;, with ¢; = W

Since x; € A; due to convexity of A; and ay+(1—a)B e I',we
conclude that ¢z + (1 —«)w € K for any « € (0, 1), thus showing
that K is a convex set. This implies then that K = conv(U ,X;) as
we have established that K € conv(U% ,X;) and conv(U" 1Xi) CK.
Since K was shown to be compact, we have that conv(U X;) is
also compact. This concludes the proof of item (i). An alternatlve
proof can be found at Bertsekas (2009, Prop. 1.2.2). The proof
of item (ii) follows from Proposition 5.4.2, p. 186, in Bertsekas
(2009), and is omitted for brevity. This concludes the proof of the
lemma.

A.2. Sufficient condition for Assumption 1, item (iii).

The goal of this subsection is to provide a sufficient condition
for Assumption 1, item (iii). The subsequent arguments can be
found in standard optimisation books, such as Rockafellar (1972,
Theorem 24.7); however we present here a more direct proof.

Assumption 5. Let X;, i = 1,...,m, be the level sets of prob-
lem (1) and domf the domain of f. We suppose that:

(i) The distance between the set U | X; and the complement of
the interior of the domain of f (which is closed and convex)
is strictly greater than zero, i.e.,

dist( U, X;, (int(domf))")

= inf
xeu X

ye <mt domf))

lIx =yl > 0.

(i) X; ¢ N int(domf;) for eachi=1,..., m.
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As a consequence of Assumption 5, and since domf = N
domf;, ri(domf) = N* ]rl(domf,) and ri(domf;) C domf; we have
that the subdifferentlal df(x) is non empty for each x € N X;,
as by item (ii) of Assumption 5 every feasible solution of (1)
belongs to the interior of the domain of f. Furthermore, af(x) is
compact by Bertsekas (2009, Proposition 5.4.1) since the affine
hull of domf has dimension n due to Assumption 1, item (ii).

We use this fact to show that Uyeconv(ux;)df (X) is a bounded set,
that is, [|g]l> < L, where g € df(x) for any x € U X;. This result
is formally stated in the next lemma.

Lemma 2. Under Assumptions 1, items (i) and (ii), and 5, we have
that the set Uxeconv(ux;)9f (X) is non-empty and bounded.

Proof. The proof of the lemma relies on Assumption 5, item (ii),
that is, X; C ﬂ"‘ 2 ri(domf;), for all i = 1,..., m. This implies
that conv(Ul’f]X,) C NiL;ri(domf}), as ML ]rl(domjj is convex and
contains U | X;. Suppose by contradlctlon that Uyeconv(ux;)df () is
unbounded. Then there exists a sequence (Xi)rey C conv(U! ,X;)
such that (gx)ken, With g € 9f(xi), satisfies [Igkll2 < llgk+1ll2,
Vk € N.

Notice that x, € NIL,int(domf;) by Assumption 5, item (ii). By
item (i) of Assumptlon 5, we can construct a sequence (B)ken
such that x; + rdy € NI, domf;. with di = gi/llgkll2- Let B =
infyey B and notice that 8 > 0 (i.e., it is bounded away from
zero) due to Assumption 5, item (i). By the definition of g, we
have that

J(x + Bdy)
B

As inequality (7) is valid for all k € N, we take the limit superior
on both sides to obtain

X; dy) — fx
limsup ||gkll2 < lim supf( i+ ydd = (%) < 00, (8)

k—00 k—>00 Y

—fx) Vk € N 7

> |1&kll2,

where the right-hand side of (8) is finite as the sequences (X )ken
and (dy)ren are bounded (notice that dj is a normalised subgra-
dient), and since f is continuous on its domain (f is convex).
This establishes a contradiction, as we assumed (gi)ken Were
unbounded, thus concluding the proof of item (ii).

A.3. Proof of Proposition 1
The proof is based on an induction argument.
Base case

We show that zi(l)T(g—&;) >0, forall§ € Xj, foralli,j=1,2,
and also that x;(1) = X*, for all i = 1, 2. Consider the inequalities

VAR (& &) =0,
VER(E-X)=0, VeeX, i=1.2 9)
Fix i = 1. The first inequality in (9) holds due to optimality

of X} (Bertsekas, 2009). To show the second inequality observe
that Vf,(%5) = [13.68, —3.94]", and that & — &% = [a;, a;]" with
a; >0and a; <0, forall £ € X;.

Since Vfi(X7) = [12, —4]", using a symmetric argument we
show that

VA& (E —45) >0,
VAR (E —X5) =0, VEeX,. (10)
By (2a), and under our choice for A,

1 A . N
2(1) = 5 (VAG) + VAE)) + VAE). (1)

for i = 1, 2, hence inequalities (9) and (10) imply that z;(1)T (£ —
)Qj*) >0, VE eX;, foralli,j=1,2.
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We will now prove that x;(1) = %, fori = 1,2. Fixi = 1.
Since z;(1)T& + k IIE ||2 is strictly convex there is a unique point
satisfying

(5 +20m) € ~x =0, veex, (12

where (z1(1) + 2x4(1)) is the gradient of the objective function
in (2b) evaluated at x4(1), with ¢(1) = 1. Therefore, it suffices to
show that

(zl(l) + 2&;)T(5 —R)>0, VEeX. (13)

By substituting (3) into (11), we observe that z;(1) + 2X] =
[22.8414, —5.9708]" , and due to the structure of & — X, (13)
holds, thus proving that x;(1) = X7. A symmetric argument yields
that x,(1) = x3.

Induction hypothesis

Assume that z;(k)T (¢ — x) > 0forall £ € Xj, fori,j = 1,2,
and that xi(k) = x; for i = 1,2. We aim to show that the
aforementioned relations remain true for the step k + 1.

Proof for iteration k + 1
Fix i = 1. Following a similar reasoning with the base case,
observe that x;(k 4+ 1) = x7 if

T
[zl(k—i—l)—i- 2&;} (E—-X%)>0, VEeX. (14)
c(k)

As the sequence (z;j(k))ken is generated by (2a), we propagate the
dynamical system in (2a) by k + 1 steps to obtain

1 . . o
zk+ 1) = 5 (VAE) + VHE) K+ 1) + VA,
where we have used the fact that A = 1117 and c(k) = ﬁ A
sufficient condition for Eq. (14) to hold is that
1 ox ox
[2 (VAGD + VAG) )k + 1)
T
28 Vk + 1} (E—%))=>0, V&eX, (15)

since Vfi(X;)7(& — X}) > 0 by optimality of X}. Recall that (§ —
X)) =l[ay, az] with a; > 0 and a, < 0 for all § € X;. To prove (15)
we will show that the left-most vector in the same equation can
be written as [bq, b,] for some b; > 0 and b, < 0. To achieve this,
notice that k+1 > +/2/k + 1, for all k > 1, and let e; denote the
unit vector with 1 in the i-th position, i = 1, 2. We then have that

el [;(Vfl(fm + VA )] (k+1)

2 N N
> el [{ (Vfl(xq) + sz(xz))} k+1, (16)
and
2e0%5 k4 1 < V2eb %5k + 1), (17)

since the first component of the averaged gradient and the second
component of X} are both positive. Therefore, for all k € N,

b; > 16.1604vk+1 >0, by < —2.5566(k+ 1) < 0. (18)
Inequalities (16), (17) and (18), together with the structure of

& — X%, imply that (15) holds, so we can conclude that x;(k+ 1) =
X}. A symmetric argument shows that x;(k + 1) = X5.
To complete the proof it remains to show that z;(k + 1)T(& —

fcj‘.') > 0 for all £ € X, for all i,j = 1,2, where z(k + 1) =

Automatica 131 (2021) 109738

;(z1(1<) + zz(k)> + VF(x(k)), due to (2a) and our choice for A. By
our induction hypothesis, z;(k)(& —)?J’.*) >0, foralli,j =1, 2, hence
it suffices to show that Vfi(x;(k))" (& —)2]*) >0, V& eX;, Vi=1,2.
Since x;(k) = X7 for i = 1, 2, due to our induction hypothesis, the
claim follows from (9) and (10), thus concluding the proof.

A4. Auxiliary Lemmas for the proofs of Theorems 1 and 2

Let
v(k) = Zx, (k), (19)

be the average of the agents’ estimates at time k. Since this
quantity might not necessarily belong to the feasible set N ,X;,
we define

(k) = —2 elk) .

0+ o+ 2o
where X is a point in the interior of the feasible set (which is non-
empty by Assumption 1, item (ii)), o > 0 is such that the 2-norm
ball of centre x and radius p is contained in N ,X;, and (k) =
Zi";] dist(v(k), X;). As shown in Nedic et al. (2010), v(k) € N, X;,
for all k € N. We also define e;(k+ 1) = x;(k+ 1) — z;(k), and note
that the z;-update in Algorithm 1 can be written as

= Y TAK)Ixi(k) + ei(k + 1). (21)

j=1

xi(k +1)

Lemma 3. The following relations hold.

(i) Let (xi(k))ken» i = 1,...,m, be the sequences generated by
Algorithm 1, and (v(k))ken and (v(k))ren defined by (19) and
(20), respectively. Under Assumption 1, we have that for all
k>0,

anl (k+ 1) — ok ||z<uZ||xl

where 1 = 2mD + 1, and D is the diameter of the set U™ X;
(which is well-defined by Lemma 1, item (i)).

Let (x;{(K)ken, i = 1,...,m, and (v(k))en be as in item (i).
Under Assumption 2, we have that foralli =1, ..., m, for all
k>0,

—v(k)ll2,

(ii

=

m
IxiCk + 1) = v(k + Dll2 < Ag* D 1x(0)]2
j=1
k—1

+ lletk+ )l + Y 2g* "™ ‘Zne, r+ 1)l

r=0 j=1

1 m
+ ; les(k + iz,
where . = 2(1 + =M=V (1 — pm-UTy ¢ R, and q =
(1 — p™m=VN)TTT € (0, 1),
(iii) Given a non-increasing and non-negative sequence (c(k))ien,
and a scalar L > 0, we have that

N m
2L Z c(k) Z lxi(k + 1) — 5(k + 1)]»

<5122ne k+1llz+ﬂzz

=0 i=1

)+ B,

where B, € (0, 1), and B, and Bs are positive constants.
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Proof. The proof of item (i) is presented in Margellos et al. (2018,
Lemma 1). For item (ii), see Margellos et al. (2018, Lemma 2).
Finally, the proof of item (iii) follows the line of Margellos et al.
(2018, Lemma 3).

Observe that the values of A and ¢ in Lemma 3, item (ii),
depend on the parameter T that characterises the uniform bound
in Assumption 2, item (i); and on 5, the lower bound for the
elements of A(k), Assumption 2, item (ii). The following lemma is
instrumental for the proof of Theorem 2. In particular, Lemma 4,
item (ii), constitutes a non-trivial extension of the result in
Margellos et al. (2018), allowing some sequences to be iteration-
varying.

Lemma 4. Let (xi(k)ken, (zi(K)ken and (di(k)en, 1 = 1,....m,

be the sequences generated by Algorithm 1, and x* by any optimal
solution of (1). Under Assumptions 1 and 2, we have that:

(i) Forall k € N,

2¢(k) Y " di(k) (xitk + 1) = x*)+ > lleitk + D)3

i=1 i=1

m m
+ Y Itk + 1) = x5 < D lxitk) — x5, (22)
i=1

i=1

(ii) For any B1 € (0, 1), there exist sequences (o1(k))en and
(ota(k))ken such that, for all k € N, aq(k) € (0, 1), aa(k) €
(0,1), 1= B1 — ay(k) — az(k) > 0 and

N m
2) k)Y (tk + 1)) — fix*)
i=1
B lleitk + 1113
m N
Do lxtk+ 1) =3 < D0y lxtk) — X113

+ (1 — aq(k) — aa(k) —

T
o
=

=~
Il
<)

Mz

_l’_
k=0 i=1 — =
N
5 a1(k) + oa(k) ,
' kZ;(mL W+ﬁ2>c(") + s (23)

Proof. Item (i): Fixany i € {1, ..., m} and consider the sequence
(xi(k))ken. By optimality of xl(k + 1) (see Algorithm 1), for any
§ € X,

di(k) x;(k 4+ 1) — ﬁ(zj(k) —xi(k+ 1)) xi(k+ 1)
1
di(k)" & — m(zl(k) xi(k +1))'¢, (24)
where d;(k) — c(k (z,(k) xi(k + 1)) constitutes the gradient of the

objective function in the x;—update of Algorithm 1, evaluated at
Xi(k+1). Fix any optimal solution of (1), x* € N* ;X;, and consider
the following identity

Lo —x T, o
= o @) = e+ 1) (il + 1) — )
. — 2O + —— 2
= 5 lxi(k 4+ 1) — zi(k)ll5 + 20 %k + 1) — x*[|3
JE— _* 2
 2c(k) i) ="lz- (25)

Combining (24) and (25) with & = x*, we obtain

di(k) xi(k + 1) + lIxi(k + 1) — zi(k)I13

1
2¢(k)
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1
+ —— ik + 1) — x*|I3

2c(k)
< (kX + ——J1zik) — x|
= 2c(k)" 2
* 1 Tk
< di(k)'x 5@ Z[A(k]nx, (k) = x"13, (26)

where the last mequallty follows from double stochasticity of A(k)
and convexity of || - ||%.

We now multiply both sides of (26) by 2c(k) and sum the
result for alli =1, ..., m, to obtain

c(k) Y di(k)"x(k + 1)+ Y llxitk + 1) = zi(k)1I3
i=1 i=1
+ Y Itk + 1) = X3 < 2c(k) Y ditk) %
i=1 i=1
+ an,-(k)—x*n%, (27)
where 37 ST AU (Ixi(k) — x*115 = Y, Ixi(k) — x*[I3 by ex-

changing the order of summatlon and due to double stochasticity
of A(k). The result follows from (27) by recalling that e(k + 1) =
xi(k + 1) — z;(k) and moving the first term on the right-hand side
of (27) to the left one. This concludes the proof of item (i).

Item (ii): Consider the first term on the left-hand side of (22),
and rewrite it as

k)Zd

2c(k) Z di(k) (xi(k + 1) — v(k + 1))

i=1

+2¢(k) Zd (k)(

i=1

by adding and subtracting v(k + 1). We next consider the terms
on the right hand-side of (28) separately. First, observe that

k)Zd

> — 2c(k)L Z Ixi(k 4 1) — o(k 4 1)||2, (29)
i=1
by the Cauchy-Schwartz inequality, where L = MaXgeum x
llg;(&)Il2, which is well-defined due to Lemma 1. Using the deflm—
tion of d;(k) - see Algorithm 1 - in the second term on the right-

hand side of (28), we then have that (via double stochasticity of
A)

T(xi(k + 1) — x*) =

v(k+1)—x") (28)

(xi(k+1)—v(k+ 1))

ik +1)—x%)

k)Zd

= 2c(k) Zgi(zi(k))T

i=1
Moreover, by adding and subtracting x;(k + 1) and z;(k) for all
i=1,...,m, into the right-hand side of (30) we obtain

c(k) Zgl zi(k

=2c(k) Zg,-(zi(k»%(k +1) = xi(k + 1))

i=1

Bk + 1) — x*). (30)

v(k+1)—x")
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+2¢(k) Y &i(zi(k) (xilk + 1) — (k)

i=1

+2c(k) ng(zi(k))r(zi(k) —x).
i=1
Consider now the right-hand side of (31). The left-most term can
be lower-bounded as

Zg, zi(k

> —2c(k>LZ Ik + 1)) = xi(k + D2,
i=1
by the Cauchy-Schwartz inequality. As for the middle term, we
have that

c(k) Zgl zi(k

> —zc(k)LZ lei(k + 1)ll2

i=1
DY lletk+ DI3 = m
; 2"

where the first inequality follows from the Cauchy-Schwartz in-
equality and the definition e;(k) in (21). For the second inequality,
we employed the relation 2xy < x*> + y? with x = ﬁc(k) and

y = JJaq(k)|ei(k + 1)||» for some aq(k) € (0, 1), k € N.
Similarly, the right-most term of (31) can be manipulated to
yield

(31)

v(k+ 1) —x;(k+ 1))

(32)

"(xi(k 4 1) = zi(k))

c(k)? (33)

k)Y gizilk) (z(k) — x°)

> 2c(k)

NE

(A - x)

—_

3 |

2¢(l) Z(f(zf(k)) f(o(k+ 1))

m

+ 2¢( k)Z( (k+1))

where the inequality follows from the definition of the subgra-
dient for a convex function, and the equality by adding and
subtracting fi(v(k + 1)). The first term on the right-hand side
of (34) can be lower bounded as

—x")) (34)

260 Y (fiai(k) = otk + 1))

i=1
> —2c(k Lan,

> —2c(k)L (Z llei(k + Dll2 + lIxi(k + 1) — v(k + 1)|I2)>

’<>Z leiCk + 13 —
i=1

m
= 2c(k)L Y lIxi(k + 1) = Bk + D]l
i=1
where the first inequality follows from the relation x > —|x|,
for all x € R, and from item (iii) of Lemma 1, and the second

—o(k+ 12

? ,
mmc(k)

(35)
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inequality by adding and subtracting x;(k+1), foralli =1, ..., m,
and then using triangle inequality The last inequality follows
from 2xy < x*+y? withx = # k)andy = /ao(k)|ei(k+1)]

for some (k) € (0, 1), k € N. %ubstitutlng (35) into (34)

k)zgl zi(k)) (zi( x")

> —ay(k) Z lei(k + 1)I13

i=1

(ky?

12
a;(k)

- Zc(k)LZ lIxi(k + 1) — Bk + 1)1z
i=1

(36)

+ 2c(k) (37)

NgE

(A0 + 1) = ).

i=1

Substituting (28), (29), (32), (33), (37) into (22)

c(k) > "(R(alk+ 1) = fx )+ Y lIxilk+ 1) — x*3

i=1 i=1

(1= eath) - ax(h)) 3 lek-+ Dl
" (k) +aak)y o
=L =Xl + mi? (%) )

+ 6c(k)LZ l%(k 4+ 1) — 5(k 4+ 1)]|2.

i=1

(38)

Summing (38) from k = 0 to k = N, and using Lemma 4, item (i),
with L = 3L, the desired inequality (23) follows. This concludes
the proof of item (ii).

Note that for any 8; € (0, 1), the sequences (aq(k))ken and
(ct2(k))ken can be chosen to guarantee that 1—a1(k)—aa(k)— 81 >
0 for all k € N. For instance, one particular choice is «y(k) =
ay(k) = @ with 1 — 8y — 2« > 0. Three immediate consequences
of Lemma 4 are presented in the following proposition.

Proposition 2. Consider Assumptions 1-3. The following statements
hold

(i) We have that Z,foo Y (k)3 < oo;
(ii) Foralli =1, ..., m, we have that limy_,  ||e;(k)|> =
(iii) Foralli=1,...,m, limy_ [[X(k) — v(k)[2 = 0.

Proof. Item (i): Consider Lemma 4, item (ii). Note that Zk 0 it
lIxi(k + 1) — x*[|> and Zk:() > lixi(k) — x* |2 form a telescopic
series, so they can be replaced by Zlm:] |x(N + 1) — x*||, and
ZL [Ixi(0) — x*||2, respectively. Let 8; € (0, 1), choose oy(k) =
ay(k) = o so that 1 — 2« — B; > 0. Observe that Y ", (fi(v(k +
1)) —fi(x*)) > 0 for all k € N, due to optimality of x*, so this term
can be dropped from (23). Besides, we can also drop the term
YL IIX(N + 1) — x*||2 > 0 since it is non-negative and appears
on the left-hand side of (23). This yields

(1—2a—ﬁ1)ZZIIe (k+ D)3 san, 0) — x*[13

=0 i=1

N
+ (mL2 +ﬂ2) D cky + Bs.
k=0
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Letting N — oo, we conclude that Y ;- >1"  [lei(k)||3 is finite
since the sequence (c(k))ken iS Square-summable under Assump-
tion 3 and the feasible set is compact. This concludes the proof of
item (i).

Item (ii): Follows directly from item (i).

Item (iii): This proof follows directly from the arguments pre-
sented in Margellos et al. (2018, Proposition 3), and is omitted for
brevity.

A.5. Proof of Theorem 1

We are now in a position to prove Theorem 1. To this end, we
use the inequality (38) and leverage on Lemma 3.4 in Bertsekas
and Tsitsiklis (1996) to establish convergence of the sequences
(1xi(k) — x*||2)kens i = 1, ..., m, to zero for some minimiser x*
of (1). We first present Lemma 3.4 in Bertsekas and Tsitsiklis
(1996).

Lemma 5 (Bertsekas & Tsitsiklis, 1996). Consider non-negative
scalar sequences (£(k))ken, (U(k))ken and (£ (k))ken that satisfy the
recursion £(k + 1) < £(k) — u(k) + ¢(k). If Z;j‘;og(k) < 00,
then the sequence (£(k))ren converges and the sequence (u(k))ken
is summable.

Consider inequality (38), and choose «(k), az(k) and B; as
in the proof of Proposition 2 item (i). We now drop the term
involving (1—2a) )", |lei(k+1)||3 as it appears on the left-hand
side of the inequality and is non-negative so that we obtain

D lxitk+1) =203 < D lIxick)
i=1 i=1

— 2c(k) ) (i(ilk + 1) = fi(x) +

i=1

2
— x5

2mlL?

c(ky?

+ 6c(k)L Y lIxi(k + 1) = B(k + 1)]]2.
i=1

(39)
With reference to Lemma 5 and considering inequality (39), we
set £(k) = Y., IIx(k) — x*||2, and

2mlL?
o

(k) c(k)® + 6¢(k)L

D lxitk 4 1) = Bk + D2,

i=1
u(k) = 2c(k)(f(v(k + 1)) — f(x")).

By Lemma 3, item (iii), with L = 3L, and by Proposition 2, item
(i), it follows that 6L ", c(k) Y_i, Ix(k + 1) — v(k + 1)|| <
o0, hence, Z,f; ¢(k) < oo, as c(k) is square-summable due to
Assumption 3, which implies that the assumptions of Lemma 5
hold.

Therefore, we have that the sequence (", [Ixi(k) — X*||3 ken
converges, which implies that (3, [Ixi(k) — x*||2)ken also con-
verges. To see this, note that, by continuity of the square-root
function, ("1, lIxi(k)—x*[I3)ken being a convergent sequence im-
plies that (|| X(k)—x* ® 17 ||r )ken also converges, where, for a fixed
k € N, X(k) is a n x m matrix whose i-th column is given by x;(k),
and ® represents the Kronecker product. Moreover, note that the
set of n x m matrices can be equipped with the norm Z:i] 1% I,
where x;, i = 1,...,m, is the i-th column of a generic element
X € R™™ Since all norms in finite-dimensional spaces are
equivalent, we conclude that the sequence (Z;’;l 1%i(k) —X* |2 Dken
also converges. An alternative but more tedious justification of
this argument can be found in l\/largellos et al. (2018).

By Lemma 5, we also have that Y2, c(k)(f(o(k-+1))—f(x ))
o0.The latter implies that lim mf,Hoo(f( (k+ 1)) — f(x*))
Therefore, there exists a subsequence of (f(v(k 4+ 1)) — f(x*

(40)

)keN
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that converges to zero. Since the function f(x) is continuous (by
convexity) there exists some minimiser x* such that a subse-
quence of (||lu(k) — x*|l2)key converges to zero. Moreover, we
obtain Y71 [lxi(k) = x* [l < Y1, I19(k) = x*lla + i Y llxiCk) —
v(k)|l2. by adding and subtracting v(k), then applying triangle
inequality and invoking Lemma 3, item (i).

Note that (||v(k) — X*||2)ken CONverges to zero across a sub-
sequence and (Z;L [Ixi(k) — v(k)|l2)ken converges to zero (due
to Proposition 2, item (iii)) hence we can find a subsequence of
(Z;’;1 lIx%i(k) — x*||2)ken that converges to zero. However, we have
shown by means of Lemma 5 that the sequence (ZL [Ixi(k) —
X*|l2)ken converges; as a result it should converge to zero since
every Cauchy sequence has a unique limit point. To conclude
the proof, note that, for all k € N and forallj = 1,...,m,
Ixi(k) — x*ll, < >, lIxi(k) — x*[l2, so we conclude that the
sequences ([|x;j(k) — x*[|2)ken» j = 1, ..., m, converge to zero. This
concludes the proof.

A.6. Proof of Theorem 2

Consider Assumption 4. We drop the constant » for simplicity
of exposition, but general choices \/% n > 0, are also applicable.
Let (9(k))keny be the running average sequence associated with
(v(k))ren (definition is analogous to (X;(k))en in (4)). Note that
since N2, X; is assumed to be convex, we have that v(k) is feasible
for all k € N (see also the discussion below (20)). We have that

D Rk + 1)) = F)| < bk + 1) = F(x*)

i=1

+ Ljijuxmk-+

i=1

o(k + iz, (41)
which follows from triangle inequality and Lemma 1, item (iii).
Note that the first term on the right-hand side of (41) does
not involve an absolute value due to feasibility of the sequence
(v(k))ken, Which in turn implies that f(v(k + 1)) > f(x*).

To facilitate subsequent statements, we change the notation in
Lemma 4, item (ii), by replacing k by r, and N by k. The inequality
with this modified notation is repeated here for clarity. Indeed,
we have that for all k € N

k m
2 Zc(r)Z(fi(ﬁ(r +1) = fi(x))
= k B

+ ) (1—an(r) —ax(r) = Br) Znel(w I

r=0
+ Zanl(r“ — x| < Zan, ) —x13
r=0 i=1 r=0 i=1
ay(r +(12(T)
+ Z( e e SR L (42)

where (1(r))reny and (aa(r))rey are sequences such that 1— g; —
a1(r) —ay(r) > 0forall r € N.

The proofs of items (i), (ii) and (iii) of Theorem 2 are inter-
twined and will be composed into two parts: we first assume
that there exist constants dq, d,, d3, ds > 0 such that (43) and
(44) below are satisfied, and on this basis prove the claims of the
theorem; we then return to (43) and (44), and prove the existence
of such constants. To this end, consider

1 Z’::o c(r)?

+d;
Stk+ 1) S(k+ 1)

fOk+1) = f(x*) < dy (43)
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m k 2
N N ds Do c(r)
L Rilk+1) = Dk + 1)|2 < dy =r=0 . (44
;n ket D=kt Dlle < g +de St (44)
Note that S(k 4+ 1) can be lower-bounded as
k+1 k+3 1
Stk+1) —dx
-3
2Wk+3-+2)> v«/l<+3 > vk + 1, (45)
with ]i/“ = 2 — /2, and where we employed monotonicity of
VXx+3—+2
e for x > 1. Moreover, we have that
k k k+1
1 1
ILCED I
r=0 r=0 r+ 1 1 r
k+1
5/ —dx+1<Ink+1)+1. (46)
‘l X
The result of Theorem 2, item (iii), follows then from (41) by
substituting (43)-(46), and setting By = Zle % and B, = %2-{-%4

Since (44) is valid for all i = 1, ..., m, we have that (via a direct
application of triangle inequality) [|%;(k) —X;(k)l2 < >_i", IXi(k)
(I + i, IIX(k) — d(k)Il, which due to (45) and (46) then
implies that the sequence (||Xi(k) — X;(k)||2)ken converges to zero
at a rate O(%). This concludes the proof of item (i).

Moreover, these relations also imply that the set of accumu-
lation points of the sequence (v(k))en coincides to that of the
sequences (Xi(k))ken, i = 1,..., m. Hence, we conclude that all
accumulation points of (X;(k))xen are feasible due to the fact that
all accumulation points of (0(k))ken are in NI\ X; and the latter is
a closed set, thus concluding the proof of item (ii). This concludes
the proof of Theorem 2.

Derivation of (43)

We first construct an upper-bound for the term on the left-
hand side of (43). In fact, observe that

k+1

1
f(ﬁ(k+1))—f(X*)=f<s(k+1) c(r)v
r=1

k+1
_ZS(IH-l (r) = f(x*)
1)
ZC(ZL Z(ﬂ (r+ 1)) — fx*))
< ;‘ SETT) ;(ﬂ(ﬁ(r +1)) = fi(x")), (47)

where the first equality follows by definition of v(k + 1), the first
inequality by convexity of f, the second equality by using the fact

that f = Z:’;]ff and changing the summation index, and the
. ; . o 1
second inequality by using the fact that c(r + 1) = <7 =

c(r)forallr e N.

In light of (42), for any 8; € (0, 1), a valid choice for the
sequences (cr1(k))ken arld (a2(K)ken is a1(k) = oa(k) = a(k),
where a(k) = a(l W ; to ensure that 1 — 81 — aq(k) —
(k) > 0 as required by Lemma 4, item (ii), it suffices to set
a = (1 — B1)/2. Under these choices we have that

% — (1 - B)ek).

Consider now (42) w1tkh the above choices for «(k) arkld ay (k).
Note that the series Y ,_o >, [Ix(r+1)—x*[l;and > [_, > |

1B —2a(k) =

(48)
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|lxi(r)—x*||, are telescopic, thus all intermediate terms cancel. We
now drop the terms involving | e;(r + 1)||2 and ||x;(k+1)—x*||, as
they are non- negat}ve and then divide the resulting expression
by 25(k+1) =2 Z” ﬁ to obtain the following upper bound
on the right-hand side of (47)

c(r)
Z kHZ(fl B(r + 1)) — fx")
3 PO
R 25(k+ 1)
k

B2 c(ry? ,» 1 c(ry?

£ : 4
* ;S(k—i— 1 Stk+1) ; a(r) (49)
By the right-hand side of (49), we obtain (43) with d; = "4/,

dy = %2 + #. where, by Assumption 1, Y | [[x(0) — x*[|3 <
4mD?, with D defined as in Lemma 3, item (i). Moreover, we used

the fact that C(;)) = %Fiﬂ] —L < 2¢(r)%, due to monotonicity
of &1
Vx+1-17

Derivation of (44)

Similarly to the derivation of (43), we apply the definition of
both X;(k), i = 1,...,m, and 9(k) to upper-bound the left-hand
side of (44) as

k+1

LY &k + 1) = d(k + 1)1
ST +1 Zc(r)(xl(r) =)

i=1 .

Z

L k+1

Str 1) Z lexz(r — (),

where the inequality follows from convexity of the norm. We will
now construct an upper-bound on the right-hand side of (50). To
this end, note that

k+1

1<+1)Z Z”X’

L/LC
Xi
S(k+ 1) Z I
k+l

Z r)Z 1xi(r) = v()ll2.

We now invoke Lemma 3, item (ii) - with r in the place of k, and t
in the place of r - for the last term on the right-hand side of (51)
so that

k+1
> Z I
r=2

k

=) dr+ 1)2 lIxi(r + 1) = v(r + Iz

r=1 i=1

<22c(r Zna (r+1) ||2+m)\2||x: ||zZ g

r=0
r—1
+ mec(r + ])qu’t’1
r=1 t=0

2

<

(50)

Ml

Dll2

S(l<+1 5D

M2

m

> leitt + D2
i=1

(52)
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where we added the term corresponding to r = 0 and used the
fact that c(r + 1) < ¢(r) for all r € N, in first two terms on the
right-hand side of (52). We analyse each term on the right-hand
side of (52) separately. First, observe that

k m k
2) e letr+ Dl < D _c(r)
r=0 i=1

r=0
using the identity 2xy < x*> + y°. The intermediate term on the
right-hand side of (52) can be manipulated to yield

+ ) lletr + 113, (53)
i=1

20D

m k
mi Y Ix(0)l Y e’ = T, (54)
i=1 r=0

q

since ¢(r) < 1 for all r € NU {0}, ||x;(0)|| < D (Lemma 1) for all
i=1,...,m,and using the closed-form expression for the sum of
geometric series as q € (0, 1). We deal with the last term in (52)
in several steps. We start by expanding the terms to obtain

k

r—1 m
Doer+ 1D gy et + Dl
t=0 i=1

r=1
2) Y lleMllz +¢(3) [ gD lleDil2 Y llei(2)ll2
i=1 i=1 i=1

(55)

k m
ck+ 1D gD el
t=1 i=1

We now collect the terms containing the error vector e;(r), r =
, k, to obtain

r—1 m
mkz cr+ 1Y ¢ et + Dz
i=1

t=0

=m Y e (c(2) +qe(3) +

+ ¢ etk + 1)) + Xm: llei(k)ll2c(k + 1)
i=1
< 1’"_Aq r+1) Zne,(r Iz
k
sl Zna ||2_2 gc
o -
1_q ZZne, r+ 13 (56)

r=0 i=1

where in the first inequality we used the fact that ¢ < ﬂfq and
1 < — for any q € (0, 1), while in the second inequality we
used the fact that ¢(r + 1) < c(r). To obtain the last inequality we
applied the relation 2xy < x*> 4+ y?> with x = c(r) and y = ||ei(r +
1)||2, and then added the non-negative terms involving c(0)? and
Z}L [lei(k + 1)||§. Substituting (51)-(54) and (56) into (50) we
have that

LY &k + 1) = d(k + D]z
i=1
ma S )
SLM<1+2(1—q)) S(k+ 1)
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/,L mD
+ | mA + 2¢(1) (k+1)
L i ‘ 5
ST (1+2( ) > ller + I3 (57)

r=0 i=1

To obtain the result, we need to manipulate the last term on
the right-hand side of (57). To this end, we invoke (42) with the
same B; as in (48), but with («q(k))keny and (a2(k))ken such that
a1(k) = aa(k) = «, for all k € N, following the same rationale as
in Proposition 2 to obtain

_wx 12
ZZ||e,r+1 13 < L 1”x — i

1—20{
r=0 i=1

1 ,2 <
4mD? + B3
- 1—/31 — 2«
1 2 £
2 2
+ m(mL a +/32> ;C(T) . (58)

Substituting (58) into (57) we obtain (44) with constants

mh 4mD? + B3
d; =1L 1 mD| mA + 2c(1 ,
Sl A LT gy gy vy 2]
dy =Lu|1+ ~ + (mL22+,3>
Lt Y 1-B —22\"" o " 72))

thus concluding the proof of Theorem 2.
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