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On the Exact Feasibility of Convex Scenario
Programs With Discarded Constraints
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Abstract—We revisit the so-called sampling and discard-
ing approach used to quantify the probability of constraint
violation of a solution to convex scenario programs when
some of the original samples are allowed to be discarded.
Motivated by two scenario programs that possess analytic
solutions and the fact that the existing bound for sce-
nario programs with discarded constraints is not tight, we
analyze a removal scheme that consists of a cascade of
optimization problems, where, at each step, we remove a
superset of the active constraints. By relying on results
from compression learning theory, we show that such a
removal scheme leads to less conservative bounds for the
probability of constraint violation than the existing ones.
We also show that the proposed bound is tight by charac-
terizing a class of optimization problems which achieves
the given upper bound. The performance improvement of
the proposed methodology is illustrated by an example that
involves a resource sharing linear program.

Index Terms—Chance-constrained optimization, prob-
abilistic methods, randomized algorithms, scenario ap-
proach.

I. INTRODUCTION

UNCERTAIN optimization programs capture a wide class
of engineering applications. Tractability of this class of

optimization problems is an active area of research [1]–[8]. In
the last decades, several approaches have been developed to
cope with uncertainty in an optimization context. Among those,
robust optimization [9]–[12] has been successfully applied to
several control problems [13]–[18]. It consists of making certain
assumptions, often arbitrary, on the geometry of the uncertainty
set (ellipsoidal, polytopic, etc.) and then optimizing over the
worst-case performance within this set. Another approach is
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chance-constrained optimization [19]–[21] that relies on impos-
ing constraints that only need to be satisfied with given proba-
bility. However, optimization problems with chance-constraints
are hard to solve in general, without imposing any assumption on
the underlying distribution of the uncertainty (e.g., Gaussian).

An alternative to robust and chance-constrained optimization
involves data-driven algorithms. Within this context, this article
lies in the realm of the scenario approach theory [8], [22]–[29]: a
randomized technique which involves generating a finite number
of scenarios and enforcing a different constraint for each of
them. Under convexity, the optimal solution to such a scenario
program is shown to be feasible (with certain probability) to the
associated chance-constrained program. One of the fundamental
developments in the scenario approach literature is to provide a
distribution-free bound on the probability of constraint violation
that holds for all convex problems [24]. Moreover, this bound
is tight in the sense that it is achieved by the so-called class
of fully supported optimization problems; however, it might be
conservative for more general problem classes.

To alleviate this conservatism and trade feasibility to perfor-
mance, the so-called sampling and discarding [25] (see also [28])
was introduced; a similar result known as scenario approach
with constraint removal was also developed in [26]. These allow
removing some of the extracted scenarios and enforcing the
constraints only on the remaining ones, thus improving the
performance in terms of optimality of the resulting solution.
As opposed to the original bound in [24], however, the bound
on the probability of constraint violation in [25] and [26] is not
tight.

Similar to the motivation of [25], our main goal is to improve
performance and decrease the conservatism of the solution ob-
tained by means of the scenario approach theory. We capitalize
on the fact that the bound of the sampling and discarding scheme
is not tight, to provide a less conservative and tight bound on the
probability of constraint violation for convex scenario programs
with discarded constraints. To this end, we develop a novel
analysis approach to study a removal procedure that consists
of solving a cascade of scenario programs and removing, at
each stage, scenarios in an integer multiple of the dimension of
the decision variables. Our theoretical findings bear important
consequences in the application of the scenario theory to control
problems [23], [30]–[40], as we may be able to achieve better
performance while guaranteeing the same level of constraint
violation and confidence. The proposed bound on the probability
of constraint violation is similar in terms of complexity to the
one of [25] and [26]; it is also distribution-free and holds, under
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a nondegeneracy assumption (to be formally defined in the
sequel), for all convex problems. We also show that the resulting
bound is tight and characterize the class of scenario programs
for which this is the case. As such, our results extend the ones
of [25] and [26] and cannot be further improved. To summarize,
our main contributions are as follows:

1) proposing and analyzing a removal scheme that possesses
tighter guarantees than [25] and [26] on the probability of
constraint violation for scenario programs with discarded
constraints (Theorems 3 and 4);

2) proving tightness of the resulting bound by characterizing
the class of scenario programs which satisfies our bound
with equality (Theorem 5);

3) computing analytically the solution of two scenario pro-
grams where the bound is tight (Section III); and

4) relaxing an assumption present in [25] that requires the
removed scenarios to be violated by the final solution;

5) developing a novel proof line.
Our analysis departs from the one of [25] and is based on
probably approximately correct (PAC) learning concepts
that use the notion of compression [27], [41], [42].

It is important to highlight that our analysis holds for a par-
ticular discarding scheme, which requires removing scenarios
in batches, preventing us to remove them one by one. Extension
to this direction is outside the scope of the current article.
Moreover, all our results are a priori; possibly less conservative
but a posteriori results are available [7], [8], [29]. However,
follow a different conceptual and analysis line from the one
adopted in this article.

The article is organized as follows. Section II reviews some
background results on the scenario approach with discarded
constraints and certain learning theoretic concepts. Section III
motivates the main results of the article by means of two scenario
programs that possess analytic solutions. Section IV introduces
the proposed scenario discarding scheme and states the main
results of the article. Proofs are provided in Section V. Section VI
characterizes the class of optimization programs for which the
proposed result is tight and Section VII illustrates the theoretical
results by means of a numerical example. Finally, Section VIII
concludes the article and provides some directions for future
work.

II. SCENARIO OPTIMIZATION WITH DISCARDED SCENARIOS

A. Sampling and Discarding

Let Δ be the space where an uncertainty vector takes values
from and denote by (Δ,F ,P ) the associated probability space,
where F is a σ-algebra and P : F → [0, 1] is a probability
measure onΔ (see [43] for more details). Fix anym ∈ N and let
S = {δ1, δ2, . . . , δm} be independent and identically distributed
(i.i.d.) samples from P . Note that (δ1, . . . , δm) ∈ Δm; a natural
probability space associated with Δm is (Δm,⊗m

i=1F ,Pm),
where ⊗m

i=1F is the smallest σ-algebra containing the cone sets∏m
i=1 F . Our analysis is based on a data-driven interpretation,

where P is considered to be fixed but possibly unknown, and
the only information about uncertainty is a collection of i.i.d.
scenarios S.

We consider convex optimization programs affected by un-
certainty δ and represent uncertainty by means of scenarios.
This gives rise to the so-called convex scenario programs, where
constraints are enforced only on the scenarios inS [22], [24], and
[26]. We are particularly interested in the case where some of the
scenarios are removed, in view of improving the performance of
the obtained solution. This is known as sampling and discarding
in the terminology of [25] (also known as scenario approach with
constraint removal in [26]).

To this end, for any set R ⊂ S, with |R| = r < m, consider
the following problem:

minimizex∈X c�x

subject to g(x, δ) ≤ 0, for all δ ∈ S \R (1)

where x ∈ Rd, X is a closed and convex set of Rd, and function
g : Rd ×Δ → R is convex in x for all δ ∈ Δ. The subset
R contains scenarios that have been removed by means of a
procedure that uses S as input; hence, strictly speaking, R
depends on the scenario S, but this dependency is omitted
for simplicity. If R = ∅, then one recovers the standard sce-
nario approach [23], [24]. Moreover, the objective function is
taken to be affine without loss of generality; in case of an
arbitrary convex objective function, an epigraphic reformula-
tion would render the problem in the form of (1). Note that
only convex scenario programs will be considered, as in [25]
and [26].

Assumption 1 (Feasibility, Uniqueness): For any S ⊂
Δm, R ⊂ S, the optimal solution of (1) exists and is unique.

In case of multiple solutions, a convex tie-break rule could
be selected to single-out a particular one, thus relaxing the
uniqueness requirement of Assumption 1.

Denote by x�(S) the (unique under Assumption 1) minimizer
of (1). Note that we introduce S as argument since the optimal
solution of (1) is a random variable that depends on all extracted
scenarios, i.e., it is a random variable that takes values on
the space Δm. The following result from [25] characterizes
the probability that x�(S) violates the constraints for a new
realization of δ that exceeds a given level ε ∈ (0, 1).

Theorem 1 (Theorem 2.1, [25] or Theorem 4.1, [26]): Con-
sider Assumption 1 and fix ε ∈ (0, 1). Letm > d+ r and denote
by x�(S) the optimal solution of (1). If with Pm-probability
one all removed scenarios are violated by the resulting solution
x�(S), i.e., g(x�(S), δ) > 0 for all δ ∈ R, with Pm-probability
one, then

Pm

{
(δ1, . . . , δm) ∈ Δm : P {δ ∈ Δ : g(x�(S), δ)>0}>ε

}

≤
(
r + d− 1

r

) r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i. (2)

Theorem 1 represents an important generalization of the sce-
nario approach theory, as it allows the decision maker to trade
feasibility to performance. Indeed, observe that the feasible set
of (1) is enlarged when R is nonempty (i.e., when scenarios are
discarded), thus leading to a cost improvement with respect to
the case where R is the empty set. This fact and the bound of
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Theorem 1 enable the decision maker to improve cost, while
controlling the probability of constraint violation.

It should be also noted that Theorem 1 does not allow for
an arbitrary discarding scheme; it rather requires that, with
Pm-probability one, all discarded scenarios are violated by the
resulting solution x�(S). This is instrumental in the proof of
Theorem 1, as shown in [25].

Besides, if r = 0, the bound in Theorem 1 is known to hold
with equality for a class of scenario programs called fully
supported programs (see Section II or [24] and [25] for more
details). When scenarios are discarded, i.e., when r 	= 0, it is
elusive how to construct a removable scheme that allows for a
tight bound. It is shown in [25, Sec. 4.2] that

sup
P,R

Pm

{
(δ1, . . . , δm) ∈ Δm :

P {δ ∈ Δ : g(x�(S), δ) > 0} > ε

}

≥
r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i (3)

where P represents the class of optimization problems in the
form of (1) that are parameterized by the set X , the objective
function’s cost vector c, the constraint function g, and (implicitly
through the samples) the probability measure P . The set R
represents the collection of scenario removal schemes that return
a solution x�(S) that violates all the discarded scenarios. If
the supremum is achieved, then (3) implies that there exists a
problem inP and a removal scheme inR such that the right-hand
side of (3) constitutes a lower bound for Pm{(δ1, . . . , δm) ∈
Δm : P{δ ∈ Δ : g(x�(S), δ) > 0} > ε}. In particular, in the
proof of (3) (see [25, Sec. 5.2]), it is shown that this lower bound
is admitted if the underlying problem is fully supported (see
Definition 3 in the sequel) and the removal scheme, among the
minimizers that violate all discarded scenarios, returns the one
with the highest probability of constraint violation. However, the
latter is not implementable, as it would require knowledge of the
underlying probability distribution P which might be unknown.
Even if this was known, computing the probability of constraint
violation would require the computation of a multidimensional
integral which is in general difficulty. As such, the result in (3)
is an existential statement; in fact, it is not shown whether the
lower bound is achievable in the sense that (3) would hold with
equality.

This is in contrast with our main result in Theorem 1 that
shows that the right-hand side in (3) is, in fact, an upper bound for
the confidence with which the probability of constraint violation
exceeds ε. Moreover, our discarding mechanism is constructive
and distribution-free, in the sense that it does not require the
knowledge of P for the computation of the resulting solution that
enjoys these properties. We also show that such upper bound is
tight (see Theorem 5). To achieve this, in Section IV, we intro-
duce an alternative discarding strategy composed of a cascade
of optimization problems that, roughly speaking, removes a set
of cardinality d containing the active constraints of each stage.
As a byproduct of our analysis, we also relax the assumption of

Theorem 1 that requires all the removed scenarios to be violated
by the final solution.

B. Learning Theoretic Concepts

The following definition is crucial for the results in this article.
Definition 1 (Compression set): Fixm ∈ N and considerS ⊂

Δ with |S| = m. Let ζ < m, and C ⊂ S with cardinality |C| =
ζ. Consider a mapping A : Δm → 2Δ. If with Pm-probability
one

δ ∈ A(C), for all δ ∈ S,

then C is called a compression set of cardinality ζ for A.
In other words, a compression set C is a subset of the samples

S such that A(C), i.e., the set generated using only ζ of the
samples contains all samples in S, even the ones that were not
included in C. In statistical learning theory, this property is
known as consistency of A(C) with respect to the samples [27],
[41]. The main focus within a PAC learning framework (see [41]
and references therein) is to quantify the probability that A(C)
differs from Δ. Since A(C) depends on the scenarios in S (as
C is a selection among all scenarios), this probability is itself a
random variable defined on the product probability space Δm.

To address this question, we will use tools from PAC learn-
ability related to compression learning. To this end, we adapt the
main concepts and result of [27] to the notation of our article.

Theorem 2 (Theorem 3, [27]): Fix ε ∈ (0, 1) and ζ < m. If
with Pm-probability one there exists a unique compression set
C of cardinality ζ, then

Pm

{
(δ1, . . . , δm) ∈ Δm : P {δ ∈ Δ : δ /∈ A(C)} > ε

}

=

ζ−1∑
i=0

(
m

i

)
εi(1− ε)m−i. (4)

For a fixed ε ∈ (0, 1), observe that the right-hand side of (4)
goes to zero as m tends to infinity. This is a desirable property,
as it indicates that Δ can be asymptotically approximated by
A(C). Moreover, for a fixed m ∈ N, the result of Theorem 2
provides a nonasymptotic result, quantifying the measure of the
set Δ \ A(C). A mapping with these properties is called PAC
within the learning literature. Theorem 2 states that if a mapping
possesses a unique compression set, then it is at least (1− ε)-
accurate as an approximation ofΔ (approximately correct), with
confidence (probably) equal to 1−∑ζ−1

i=0

(
m
i

)
εi(1− ε)m−i.

III. MOTIVATING EXAMPLE: TWO SCENARIO PROGRAMS

WITH ANALYTIC SOLUTIONS

A. 1-D Example

Suppose that m i.i.d. samples, S = {δ1, . . . , δm}, are drawn
from a uniform distribution on the interval [0, 1]. Consider the
following scenario program that is in the form of (1):

minimizex∈[0,1] x

subject to x ≥ δ, δ ∈ S \R. (5)
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Under the choice of a uniform distribution, the optimal so-
lution of (5) is unique with Pm-probability one. Let r < m
be the number of discarded scenarios and consider a (natural)
removal scheme that discards scenarios one by one by means
of a cascade of scenario programs where, at each stage, the
scenario corresponding to the active constraint is removed from
the set S. For instance, the first discarded scenario, which can be
explicitly computed as δ(1) = argmaxδ∈Sδ, corresponds to the
active constraint of (5) when all scenarios in S are enforced.
We then solve (5) with all but the scenario removed in the
previous stage being enforced, thus resulting in the scenario
δ(2) = argmaxδ∈S\δ(1)δ to be discarded. We proceed similarly
until r scenarios are removed.

Let x�
k(S) be the optimal solution at the (k + 1)th stage of

the removal procedure described in the previous paragraph. Note
that x�

k(S) = δ(k+1), k = 0, . . . , r, where δ(k+1) represents the
(k + 1)th largest sample of S. Our goal is to compute the proba-
bility of constraint violation associated with the optimal solution
of (5) when the scenarios that belong to S \ {δ(1), . . . , δ(r)}
are enforced. Since P is a uniform probability measure on
[0, 1], it is clear that, for each k ∈ {0, . . . , r}, such a probability
is given by V (x�

k(S)) = P{δ ∈ Δ : x�
k(S) < δ} = 1− x�

k(S).
Observe that

Pm{(δ1, . . . , δm) ∈ Δm : V (x�
k(S)) > ε}

= Pm{(δ1, . . . , δm) ∈ Δm : δ(k+1) < 1− ε}

=

k∑
i=0

(
m

i

)
εi(1− ε)m−i. (6)

The first equality in (6) follows from the fact that x�
k(S) =

δ(k+1) and the second by partitioning the space Δm into k + 1
disjoint sets where each of these sets contains elements S
for which exactly i, i = 0, . . . , k, samples from the removed
samples lie within the interval [1− ε, 1], i.e., exceeding 1− ε,
and then applying the total law of probability. An alternative
explanation using order statistics can be found in [44]. Hence, the
distribution of the probability of constraint violation associated
with the final solution of the considered removal strategy is given
by V (x�

r(S)), which is obtained from (6) by substituting k = r.

B. 2-D Example

Suppose that m i.i.d. samples are drawn from a uniform dis-
tribution on the interval [0, 1] and consider the scenario program
that returns the minimum width interval containing the samples
given by

minimizex,y∈[0,1], y≥x y − x

subject to δ ∈ [x, y], δ ∈ S \R. (7)

For any collection of the samples S = {δ1, . . . , δm}, with Pm-
probability one, the scenario program (7) has a unique solu-
tion and, at the optimal solution, there are exactly two active
constraints, namely, those associated with the smallest and the
largest sample of S \R. Let r = 2� < m, for some integer �,
be an even integer and consider (similar to that in the 1-D
example) a removal scheme that discards the active constraints

of (7) at each stage. Denote by x�
k(S), k = 0, . . . , �, the 2-D

vector containing the optimal solution of the (k + 1)th stage.
One of the components of x�

k(S) is the (k + 1)th largest sample
of S, which we denote by δ(k+1), and the other is the (k + 1)th
smallest sample of S, which we denote by δ(m−k).

We are interested in the probability of constraint violation at
the (k + 1)th stage, which is given by

V (x�
k(S)) = P

{
δ ∈ Δ : δ /∈

[
δ(m−k), δ

(k+1)
]}

= P
{
δ ∈ Δ : δ < δ(m−k)

}
+ P

{
δ ∈ Δ : δ > δ(k+1)

}
= 1−

(
δ(k+1) − δ(m−k)

)
= 1− L(k+1)(S) (8)

where L(k+1)(S) = (δ(k+1) − δ(m−k)) represents the length of
the interval after the removal of 2 k samples. Equation (8)
consists in the probability that a new sample is drawn from P and
it falls outside the interval [δ(m−k), δ

(k+1)]. Letting ε ∈ [0, 1], we
have that

Pm{(δ1, . . . , δm) ∈ Δm : V (x�
k(S)) > ε}

= Pm{(δ1, . . . , δm) ∈ Δm : L(k+1)(S) < 1− ε}. (9)

For each k ∈ {0, . . . , �}, let

Ak = {(δ1, . . . , δm) ∈ Δm : δ(m−k) ≤ ε}
Bk = {(δ1, . . . , δm) ∈ Δm : V (x�

k(S)) > ε} (10)

where Ak contains the samples S whose (k + 1)th smallest
element lies in the interval [0, ε] and Bk contains the samples
that lead to V (x�

k(S)) > ε. Using this notation, we can write (9)
as

Pm{(δ1, . . . , δm) ∈ Δm : V (x�
k(S)) > ε} = Pm{Bk}

= Pm{Ac
k ∩Bk}+ Pm{Ak ∩Bk} (11)

where Ac stands for the set complement of A. Let us analyze
each of the terms in the right-hand side of (11) separately. We
start with the first term. Note that

Pm{Ac
k ∩Bk} = Pm{Ac

k}Pm{Bk|Ac
k} = Pm{Ac

k}
= Pm{(δ1, . . . , δm) ∈ Δm : δ(k+1) ≤ 1− ε}

=

k∑
i=0

(
m

i

)
εi(1− ε)m−i (12)

where the second equality follows from the fact that P{Bk|Ac
k}

is equal to one due to Ac
k ⊂ Bk, i.e., the length of

[δ(m−k), δ
(k+1)] is less than 1− εwhenever the (k + 1)th small-

est sample in S is larger than ε; and the third equality is
due to the fact that Pm{(δ1, . . . , δm) ∈ Δm : δ(m−k) > ε} =

Pm{(δ1, . . . , δm) ∈ Δm : δ(k+1) ≤ 1− ε}, which can be ob-
tained by simple algebraic manipulations. Finally, the last equal-
ity holds due to (6).

To compute the second term in the right-hand side of (11), it
is convenient to define the partition of Δm as

Ej
k = {(δ1, . . . , δm) ∈ Δm : there are exactly j samples
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Fig. 1. Realization of a sample S = {δ1, . . . , δ10} that belongs to the
set A1 ∩B1 ∩E1

1 defined in (10) and (13).

greater than 1− ε+ δ(m−k)

}
(13)

where j = 0, . . . ,m− k. Note that there can be no more than
m− k samples greater than δ(m−k), as this would contradict the
fact that δ(m−k) is the (k + 1)th smallest sample of S; hence,

we have that Δm = ∪m−k
j=0 Ej

k. For instance, Fig. 1 depicts a
realization that belongs to A1 ∩B1 ∩ E1

1 when m = 10 and
exactly two discarded samples. The partition given in (13) allows
us to write

Pm{Ak ∩Bk} =

m−k∑
j=0

Pm{Ak ∩Bk ∩ Ej
k}

=

k∑
j=0

Pm{Ak ∩Bk ∩ Ej
k}

+

m−k∑
j=k+1

Pm{Ak ∩Bk ∩ Ej
k}

=

k∑
j=0

Pm{Ak ∩Bk ∩ Ej
k} (14)

where the last equality follows from the fact that Ak ∩Bk ∩
Ej

k = ∅ for all j > k since having more than k samples greater
than1− ε+ δ(m−k) with δ(m−k) ≤ ε implies thatL(k+1) ≥ 1−
ε; so such a realization does not belong to Bk.

We claim that

Pm{Ak ∩Bk ∩ Ej
k}

=

(
m

j + k + 1

)
εj+k+1(1− ε)m−j−k−1. (15)

Consider first the case where k = j = 1. We can compute
P{A1 ∩B1 ∩ E1

1} as

Pm{A1 ∩B1 ∩ E1
1} =

∫ ε

0

Pm{B1 ∩ E1
1 |δ(m−1) = ξ}dξ

=

∫ ε

0

m (m− 1)(m− 2)ξ(ε− ξ)︸ ︷︷ ︸
T1

(1− ε)m−3︸ ︷︷ ︸
T2

dξ

where the factorm refers to the number of choices for ξ, the term
T1 is due to the fact that there must be exactly one sample less
than ξ and exactly one sample greater than 1− ε+ ξ, and there
are (m− 1)(m− 2) possible such samples once ξ is chosen,
and the term T2 is due to the fact that the remaining samples
(m− 3 in this case) are within the interval [ξ, 1− ε+ ξ].

To show (15) in general, one may proceed inductively; alter-
natively, we can use the fact that the uniform distribution assigns
the same probability to subsets of [0, 1] that have the same length.
Hence, Pm{Ak ∩Bk ∩ Ej

k} is the probability that j + k + 1
samples are outside the interval [δ(m−k), 1− ε+ δ(m−k)] and
the remaining m− j − k − 1 ones to its complement. This
immediately yields (15).

Combining (11), (12), (14), and (15), we have that

Pm{(δ1, . . . , δm) ∈ Δm : V (x�
k(S)) > ε} = Pm{B}

=

k∑
i=0

(
m

i

)
εi(1− ε)m−i

+

k∑
j=0

(
m

j + k + 1

)
εj+k+1(1− ε)m−j−k−1

=

k∑
i=0

(
m

i

)
εi(1− ε)m−i +

2k+1∑
i=k+1

(
m

i

)
εi(1− ε)m−i

=

2k+1∑
i=0

(
m

i

)
εi(1− ε)m−i. (16)

Set k = � and recall from the discussion following (7) that r =
2�; so we have proved that

Pm{(δ1, . . . , δm) ∈ Δm : V (x�
� (S)) > ε}

=

r+1∑
i=0

(
m

i

)
εi(1− ε)m−i. (17)

These two examples show that the associated probability of
constraint violation for the case where scenarios are discarded
can be computed analytically and that the obtained probability is
better than the one of Theorem 1. Motivated by this fact, we will
show a tighter bound on the probability of constraint violation
for such scenario programs which is valid for an arbitrary d, as
long as the number of discarded scenarios is an integer multiple
of d. The only difference in a d-dimensional example would be
that the upper limit in the summation would be r + d− 1 (see
Theorem 5), which is consistent with (6) and (17) and is tighter
than the bound of Theorem 1. This is due to the fact that these
scenario programs satisfy Assumption 4 (to be defined in the
sequel), which is a sufficient condition to obtain such a tight
bound.

IV. PROPOSED DISCARDING SCHEME AND MAIN RESULTS

In this section, we formalize a removal scheme that results
in a better bound on the probability of constraint violation of a
scenario program with discarded constraints. For a given set
of scenarios S = {δ1, . . . , δm}, we solve a cascade of �+ 1
optimization programs denoted by Pk, k ∈ {0, . . . , �}, where
(�+ 1)d < m. For each k ∈ {1, . . . , �}, let

Pk : minimizex∈X⊂Rd c�x

subject to g(x, δ) ≤ 0, for all δ ∈ S \
k−1⋃
j=0

Rj(S)
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Fig. 2. Block diagram of the proposed scheme. Given S = {δ1, . . . , δm}, with (�+ 1)d < m, we solve a cascade of �+ 1 optimization programs

denoted by Pk, k ∈ {0, . . . , �} and remove Rk(S) scenarios with |Rk(S)| = d at each stage. In total, r = �d scenarios (the ones in
⋃�−1

j=0
Rj(S))

are discarded. The set of discarded scenarios depends on the initial set S; thus, we introduce it as an argument of Rk. If each problem is fully
supported, then Rk(S) corresponds to the (unique) support set associated with the minimizer x�

k(S) of that program—see (18); otherwise, Rk(S)
contains the support scenarios as well as additional scenarios selected according to a lexicographic order, as in (21). The final solution is denoted
by x�(S) = x�

� (S).

where Rk(S), with |Rk(S)| = d, represents the set of removed
scenarios at stage k, and

⋃k−1
j=0 Rj(S) the ones that have been

removed up to stage k. For k = 0, we solve problem P0 by
enforcing all the scenarios in S. Note that the number of sce-
narios that have been removed up to stage � is given by �d (the
samples in the set

⋃�−1
j=0 Rj(S)) and that, by construction, the

collection of removed scenarios is disjoint. The choice of each
set of discarded scenarios depends on the initial set S; thus,
we introduce it as an argument in Rk. A schematic illustration
of the proposed scheme is provided in Fig. 2. Our choice for
Rk(S), k ∈ {0, . . . , �− 1}, will be detailed in the following
two subsections.

Definition 2 (Support set; see Definition 2 in [24]): Fix any
k ∈ {0, . . . , �} and considerPk. An element ofS \⋃k−1

j=0 Rj(S)
is a support scenario of Pk, if its removal changes the minimizer
x�
k(S). The support set of x�

k(S), denoted by supp(x�
k(S)), is

the collection of support scenarios of S \ ∪k−1
j=0Rj(S).

Definition 3 (Fully supported programs; see Definition 3
in [24]): Fix any k ∈ {0, . . . , �} and consider Pk. We say that
Pk is fully supported if, for any S with |S| = m and m > d,
|supp(x�

k(S))| = d with Pm-probability one.
Definition 4 (Nondegenerate programs; see Assumption 2

in [8]): Fix any k ∈ {0, . . . , �} and consider Pk. We say that
Pk is nondegenerate if, with Pm-probability one, solving the
problem by enforcing the constraints only on the support set,
supp(x�

k(S)), results in x�
k(S), i.e., the solution obtained when

all samples in S \⋃k−1
j=0 Rj(S) are employed.

Note that if a problem is fully supported, then it is also
nondegenerate; however, the opposite implication does not hold.
Moreover, in a convex optimization context, nondegeneracy is a
relatively mild assumption and implies that scenarios give rise
to constraints at general positions that do not have accumulation
points. On the contrary, requiring a problem to be fully supported
is stronger; however, it exhibits interesting theoretical properties
as, with Pm-probability one, the number of support scenarios is
exactly equal to d [24], [27].

In the sequel, we split our analysis into fully supported and
nondegenerate scenario programs. This facilitates our analysis
as our proof construction is laid out better if we analyze the
proposed removal scheme assuming that the scenario programs

are fully supported. In Section IV-B, we lift this assumption and
show how to extend the developed analysis to the more general
case of nondegenerate scenario programs, which are typically
encountered in the scenario approach literature.

A. Fully Supported Case

In this section, we assume that, with Pm-probability one, the
cardinality of the support set of problem Pk, k = 0, . . . , �, is
equal to d. We formalize this in the following assumption.

Assumption 2 (Fully supportedness): For all k ∈ {0, . . . , �},
Pk is fully supported with Pm-probability one.

Under Assumption 2, we let

Rk(S) = supp(x�
k(S)), k ∈ {0, . . . , �− 1} (18)

i.e., we remove the support set of the corresponding optimal
solution of Pk. Note that the cardinality of Rk(S) is equal to
d and this choice for the removed scenarios guarantees that
the objective function decreases at each stage, thus improving
performance. Moreover, for k = �, we denote by R�(S) the
support set of x�

� (S). Note that R�(S) does not contain any
removed scenarios.

Under Assumption 2, we obtain a tighter bound than that of
Theorem 1, as shown in the following theorem.

Theorem 3: Consider Assumptions 1 and 2. Fix ε ∈ (0, 1), set
r = �d, and letm > r + d. Consider also the scenario discarding
scheme as encoded by (18) and illustrated in Fig. 2, and let the
minimizer of the �th program be x�(S) = x�

� (S). We then have
that

Pm

{
(δ1, . . . , δm) ∈ Δm : P {δ ∈ Δ : g(x�(S), δ) > 0} > ε

}

≤
r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i. (19)

The proof of Theorem 3 is deferred to Section V-A. It is
important to note that inequality (19) does not involve the
combinatorial factor

(
r+d−1

r

)
as in Theorem 1. For a fixed

number of scenarios, probability of constraint violation, and
confidence level, one is able to satisfy (19) with a larger number
of removed scenarios compared to (2). To see this, in Table I,
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TABLE I
RATIO BETWEEN THE NUMBER OF REMOVED SAMPLES ALLOWED BY

THEOREM 3 AND THEOREM 1 FOR A FIXED ε = 0.05, β = 10−6,
m = 40 000, AND DIFFERENT VALUES OF d

Fig. 3. Pictorial example that illustrates the scheme proposed in
Fig. 2 for fully supported problems. In this case, we have that d = 2,
m = 6, r = 4, and � = 2, and all the problems Pk, k ∈ {0, 1, 2}, satisfy
Assumption 2. The objective function is given by c�x = x2 (indicated
by the downwards pointing arrow). The constraint sets are denoted
by the different color patterns: the green constraints are the samples
in supp(x�

0(S)), the blue ones in supp(x�
1(S)), and the black ones in

supp(x�
2(S)). Note that the dashed-blue constraint is removed by the

scheme of Fig. 2, but it is not violated by x�
2(S).

we show the ratio between the number of removed scenarios
obtained from Theorem 3 and that from Theorem 1 (taken
from [25]) for different values of d, as the violation level is fixed
to ε = 0.05 and the number of samples to m = 40 000. Each
entry of Table I is obtained by equating the right-hand side of the
inequalities in both theorems to β = 10−6 and using bisection
to find the allowable number of removed scenarios r. The fact
that we allow more constraints to be removed using the result of
Theorem 3 (note that this number increases with d) creates the
potential of achieving a better cost, as the resulting problem is
less constrained. The latter is, however, problem-dependent as
both our removal scheme as well as the procedure adopted in [25]
are not optimal. Numerical evidence in Section VII quantifies
the potential cost improvement with our approach on a resource
sharing example.

To illustrate how the proposed scheme works, we consider
the pictorial example of Fig. 3. Note that d = 2 and m = 6,
and we remove r = 4, thus requiring � = 2 steps of the removal
scheme of Fig. 2. All the problems Pk, k ∈ {0, 1, 2}, are fully
supported, thus satisfying Assumption 2. The objective function
is given by c�x = x2 and is indicated by the downwards pointing
arrow. The corresponding solution for the intermediate problems
is illustrated by x�

k(S), for k ∈ {0, 1, 2}, and the support set of
each stage by different color patterns. For instance, the green
constraints are the support set, namely, supp(x�

0(S)), of problem
P0. The shaded color under each constraint corresponds to the
region of the plane that violates that given constraint, e.g.,
we note that x�

1(S) violates both constraints that belong to
supp(x�

0(S)) and satisfies all the remaining ones. The result of

Theorem 3 provides guarantees for the probability of violation
of x�

2(S). Note that the dashed-blue constraint is removed at
stage 1, but it is not violated by the final solution of our scheme.

B. Nondegenerate Case

In this subsection, we assume that problem Pk, k ∈
{0, . . . , �}, is nondegenerate.

Assumption 3 (Nondegeneracy): For all k ∈ {0, . . . , �}, Pk

is nondegenerate with Pm-probability one.
In case of a non-fully supported problem (supp(x�

k(S)) < d,
for some k ∈ {0, . . . , �}), we adopt a procedure called reg-
ularization, in the same spirit as in [26]. This is based on
introducing a lexicographic order as a tie-break rule to select
which additional scenarios to append to supp(x�

k(S)), thus
constructing a set of cardinality d. Note that, unless we impose
such an order, there is no unique choice as all scenarios that
are not included in supp(x�

k(S)) are not of support; hence, their
presence leaves the optimal solution unaltered. To this end, we
put a unique linear order on the elements of S, i.e., assigning
them a distinct numerical label. For each k ∈ {0, . . . , �}, let
νk(S) = d− |supp(x�

k(S))| and define recursively

Zk(S) =

{
νk(S) scenarios with the smallest labels in

S \
⎛
⎝k−1⋃

j=0

{
supp(x�

j (S)) ∪ Zj(S)
} ∪ supp(x�

k(S))

⎞
⎠
⎫⎬
⎭
(20)

with Z0(S) containing the ν0(S) smallest elements of S \
supp(x�

0(S)) according to the linear order. Note that the set
appearing in the definition of Zk(S) in (20) corresponds to
scenarios available at stage k that are not of support.

For each k ∈ {0, . . . , �− 1}, we can now define the sets of
discarded samples as

Rk(S) = supp(x�
k(S)) ∪ Zk(S). (21)

Note that, by construction, |Rk(S)| = d, while if, for any k ∈
{0, . . . , �}, Pk is fully supported, then Rk(S) = supp(x�

k(S)),
i.e., it coincides with the support set of x�

k(S). Similar to that in
the fully supported case, we denote by R�(S) the superset of the
support set of x�

� (S) obtained by appending, if necessary, ν�(S)
scenarios from the remaining ones.

Remark 1: Consider two arbitrary scenario sets C ⊂ C ′ and
denote by x�

k(C) and x�
k(C

′) the minimizers of Pk with C
and C ′, respectively, replacing S. Moreover, define Zk(C) and
Zk(C

′) as in (20) with C and C ′, respectively, in place of S. We
then have that Fk(x

�
k(C)) < Fk(x

�
k(C

′)) if either c�x�
k(C) <

c�x�
k(C

′) or c�x�
k(C) = c�x�

k(C
′) and, at the first element, that

Zk(C) and Zk(C
′) differ; the corresponding label of Zk(C) is

strictly lower with respect to the imposed lexicographic order
than the one of Zk(C

′). Regularization is thus a way to select
among subsets of scenarios that would otherwise yield the same
objective value. We will use this procedure in Section V-B to
prove Theorem 4. It is shown in [26] that Pk with its objective
function replaced byFk(x) = (c�x, Zk(S)) is a fully supported
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program, and the constructed set Rk(S) in (21) forms its unique
support set with cardinality d.

We are now in a position to state the main result related to
nondegenerate problems.

Theorem 4: Consider Assumptions 1 and 3. Fix ε ∈ (0, 1), set
r = �d, and letm > r + d. Consider also the scenario discarding
scheme as encoded by (21) and illustrated in Fig. 2, and let the
minimizer of the �th program be x�(S) = x�

� (S). We then have
that

Pm

{
(δ1, . . . , δm) ∈ Δm : P {δ ∈ Δ : g(x�(S), δ) > 0} > ε

}

≤
r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i. (22)

Theorem 4 holds for nondegenerate scenario programs, thus
being more general than Theorem 3, which is only valid for fully
supported problems. This generalization comes at the expense
of a (possible) decrease in performance, as we append additional
scenarios to compose the support set of the regularized problem
that may not improve the objective value associated with x�(S).
However, similar to Theorem 3, we may still improve the cost
with respect to other removal strategies, as we are allowed to
remove more constraints compared to [25]. It is also important
to note that (22) holds for any linear order imposed in the original
samples S and that the resulting optimal objective value of the
scheme depends on such ordering. In this article, we only provide
feasibility guarantees and not optimality. Note that this is also
the case for the results in [25] and [26]. The only available results
for the optimal cost are given in [25] when the removal scheme is
the optimal one, which is, however, of combinatorial complexity.
As a final remark, observe that Theorem 3 constitutes the main
development toward obtaining Theorem 4, as should be apparent
in Section V.

Remark 2: It should be noted that the assumption in [25] and
[26] appearing in the statement of Theorem 1, which requires
all discarded scenarios to be violated by the final solution with
Pm-probability one, has some nondegeneracy implications for
all intermediate problems. To see this, note that if we allow
for degenerate problems, then situations where all scenarios are
identical are admissible and may happen with nonzero proba-
bility (allowing for atomic masses). Clearly, in such cases, there
is no scenario that can be discarded while being violated by the
resulting solution that remains unaltered. Therefore, we tighten
the bound in Theorem 4, without strengthening the assumptions
in [25] and [26].

To clarify how the scheme presented in Fig. 2 works when ap-
plied to nondegenerate problems, consider the example depicted
in Fig. 4. Similar to before, we have d = 2 and m = 7 and want
to remove four constraints, i.e., r = 4. As opposed to Fig. 3,
however, note that the constraints are enumerated according to
an arbitrary order, which is used to compose the sets Zk(S),
k ∈ {0, 1, 2}, as described by (20). Moreover, problems P0 and
P1 are not fully supported, as the number of support scenarios is
equal to 1 in each of these cases. Our scheme first removes the
scenario that supports the solution x�

0(S) and the one labeled
as 1 since it is the scenario with the smallest order among the

Fig. 4. Illustration of the scheme in Fig. 2 applied to nondegener-
ate, but not fully supported, problems. The intermediate solutions are
denoted by x�

k(S), k = 0, 1, 2. The different color patterns depict the
removed scenarios at each stage. The green constraints are the ones
removed at stage 0, and the blue ones are those removed at stage 1.
Similar to before, the objective function is given by c�x = x2 and this
is indicated by the downwards arrow. Observe that the optimal solution,
and consequently the final solution returned by our scheme, depends
on the linear order imposed to the original scenarios.

remaining ones. These scenarios are depicted as green in Fig. 4.
Then, we solve problem P1 with the resulting scenarios, obtain-
ing x�

1(S) as an intermediate solution and scenarios labeled as
2 and 3 to be removed. The former constraint is removed as it
is in the support set of x�

1(S) and the latter as it is the sample
with the smallest index from the remaining ones. Finally, the
solution provided by the scheme, and whose guarantees are given
in Theorem 4, is denoted by x�

2(S).

V. PROOF OF THE MAIN RESULTS

A. Fully Supported Case

Throughout this subsection, we consider Assumption 2. Let
m > (�+ 1)d and consider any setC ⊂ S, with |C| = (�+ 1)d.
We consider the proposed scheme of Fig. 2, fed by C rather than
S. All quantities introduced in Section IV depending onS would
now depend on C instead. For a given set of indices I ⊂ C, we
define

z�(I) = argminx∈X c�x

subject to g(x, δ) ≤ 0, for all δ ∈ I. (23)

Recall that x�
k(C) denotes the minimizer of Pk which, in turn,

is based on the samples in C \ ∪k−1
j=0Rj(C), i.e., the ones that

have not been removed up to stage k of the proposed scheme.
It, thus, holds that x�

k(C) = z�(C \ ∪k−1
j=0Rj(C))—note that the

argument of z� in this case depends on k, k ∈ {0, . . . , �}. Recall
also that, under Assumption 2, we haveRk(C) = supp(x�

k(C)).
Since we will be invoking the framework introduced in Sec-

tion II-B, let

A1(C) = {δ ∈ Δ : g(x�
� (C), δ) ≤ 0} ,

A2(C) =

�⋂
k=0

{
δ ∈ Δ : c�z�(J ∪ {δ}) ≤ c�x�

k(C),
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for all J ⊂ C \ ∪k−1
j=0Rj(C), with |J | = d− 1

}
,

A3(C) =

�−1⋃
k=0

Rk(C)

and define the mapping A : Δm → 2Δ, with ζ = (�+ 1)d, as

A(C) = (A1(C) ∩ A2(C)) ∪ A3(C). (24)

The main motivation to define the mapping in (24) is the fact
that its probability of violation will be shown to upper bound that
of {δ ∈ Δ : g(x�

� (C), δ) ≤ 0}, which is ultimately the quantity
we are interested in (as shown in Section V-A, step 3).

Note that A(C) comprises the following three sets.
1) The set A1(C) contains all realizations of δ for which the

final decision of our proposed scheme x�
� (C) = x�(C)

remains feasible. This is the set whose probability of
occurrence we are ultimately interested to bound.

2) The set A2(C), which is composed of the intersection
of �+ 1 sets indexed by k ∈ {0, . . . , �}, contains the
realizations of δ such that, for all subsets of cardinality
d− 1 from the remaining samples at stage k, the cost
c�z�(J ∪ {δ}) is lower than or equal to c�x�

k(C). The
former cost corresponds to appending δ to any set J of
d− 1 scenarios from C \ ∪k−1

j=0Rj(C), while the latter
corresponds to the cost of the minimizer x�

k(C) of Pk.
Informally, this inequality is of similar nature with that of
A1(C); however, rather than considering constraint satis-
faction, it only involves some cost dominance condition
for each of the interim and the final optimal solutions.
The motivation to use this representation rather than
constraint satisfaction conditions stems from the fact that
in Section IV-B, we will be appending a lexicographic
order to the cost so that we break the tie among multiple
compression sets. Besides, these sets carry information
about the path taken by the proposed scheme, which
is to be understood, in this context, as the sequence
(xk(C))�k=0.

3) The set A3(C) includes all scenarios that are removed
by the discarding scheme. Implicit in the definition of
mapping (24) is the fact that, for any compression set C,
all samples that are not removed in the intermediate stages
must be contained in the set A1(C) ∩ A2(C). This fact
will be crucial in the following arguments.

The following proposition establishes a basic property of any
compression associated with the mapping (24) and is instrumen-
tal for the proof of our main theorem.

Proposition 1: Consider Assumptions 1 and 2. Set r = �d
and let m > (�+ 1)d. We have that C ⊂ S is a compression set
for A(C) in (24) if and only if, with Pm-probability one, for all
k ∈ {0, . . . , �}

x�
k(C) = x�

k(S). (25)

Proof: We first show necessity. Suppose that C is a compres-
sion set, but, for the sake of contradiction, we have that there
exists k ∈ {0, . . . , �} and δ̄ ∈ S \ C such that

x�
k(C) 	= x�

k(C ∪ {δ̄}). (26)

Let k̄ be the minimum index such that (26) holds, while we have
that x�

j (C) = x�
j (C ∪ {δ̄}), for all j < k̄.

By Assumption 2, with Pm-probability one, the last state-
ment implies that supp(x�

j (C)) = supp(x�
j (C ∪ {δ̄})), for all

j < k̄, as the support set of each optimal solution is unique.
Hence, Rj(C) = Rj(C ∪ {δ̄}) for all j < k̄, and Rj(C) =
supp(x�

j (C)) for fully supported problems (similarly for
Rj(C ∪ {δ̄})). By (23), we then have

x�
k̄(C) = z�(C \ ∪k̄−1

j=0Rj(C)), (27)

x�
k̄(C ∪ {δ̄}) = z�((C \ ∪k̄−1

j=0Rj(C)) ∪ {δ̄}). (28)

Since the right-hand side of (28) involves one more scenario with
respect to the right-hand side of (27), the feasible set of (28) is
a subset of the one of (27). Moreover, by the fact that x�

k̄
(C ∪

{δ̄}) 	= x�
k̄
(C) and Assumption 1, we get

c�x�
k̄(C) < c�x�

k̄(C ∪ {δ̄}). (29)

Note that δ̄ belongs to the support set of x�
k̄
(C ∪ {δ̄}), as its

removal results in a different optimal solution with lower cost in
(29). In other words, there exists J̄ ⊂ C \ ∪k̄−1

j=0Rj(C) (in fact,
J̄ = supp(x�

k̄
(C ∪ {δ̄})) \ {δ̄}) of cardinality d− 1 such that

by (28), we have that

c�x�
k̄(C) < c�x�

k̄(C ∪ {δ̄}) = c�z�(J̄ ∪ {δ̄}). (30)

At the same time,C is assumed to be a compression set. Since
δ̄ /∈ C, then δ̄ /∈ ∪�−1

k=0Rk(C) = A3(C), as ∪�−1
k=0Rk(C) ⊂ C.

As a result, δ̄ will give rise to a constraint in P�; hence, δ̄ ∈
A2(C), which, in turn, implies that for all J ⊂ C \ ∪�−1

j=0Rj(C)
with |J | = d− 1, and for all k ≤ �

c�z�(J ∪ {δ̄}) ≤ c�x�(C) ≤ c�x�
k(C) (31)

where the first inequality follows from the fact that c�x�(C) is
the optimal value for P�, and x�(C) = x�

� (C) by construction
satisfies all constraints with scenarios in J ∪ {δ̄}. The second
inequality follows from the fact that k ≤ �, and the cost deterio-
rates as k increases. Setting k = k̄ and J = J̄ in (31) establishes
a contradiction with (30), thus showing that x�

k(C) = x�
k(C ∪

{δ}), for any δ ∈ S \ C and any k ∈ {0, . . . , �}. Inductively,
adding one by one each element in S \ C, we can show that
x�
k(C) = x�

k(S), for any k ∈ {0, . . . , �}, thus concluding the
necessity part of the proof.

We now show sufficiency. Let C ⊂ S be such that x�
k(C) =

x�
k(S) for all k ∈ {0, . . . , �}. We aim to show that C is a com-

pression for S, i.e., with Pm-probability one, δ ∈ A(C) for all
δ ∈ S. Recalling the definition of the mapping A(C) from (24),
we note that, under this scenario, the sets A1(C) and A3(C)
are trivially equal to A1(S) and A3(S), respectively. Moreover,
since C ⊂ S and x�

k(C) = x�
k(S) for all k ∈ {0, . . . , �}, which

implies thatRk(C) = Rk(S) by Assumption 1, we have thatS \
∪k−1
j=0Rj(S) = S \ ∪k−1

j=0Rj(C) ⊃ C \ ∪k−1
j=0Rj(C). The latter

implies then that the inequalities in A2(S) constitute a superset
of those in A2(C); hence, that problem is more constrained,
and, as a result, A2(S) ⊂ A2(C). By construction, we have that
δ ∈ A(S) for all δ ∈ S. This, in turn, implies that if a sample is
not removed, then it will have to be included inA2(S), and due to
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the established inclusion also in A2(C). Since A1(S) = A1(C)
andA3(S) = A3(C), we then have that δ ∈ A(C) for all δ ∈ S,
showing that C is a compression set. This concludes the proof
of the proposition. �

Proof of Theorem 3: A natural compression candidate is

C =

�⋃
k=0

supp(x�
k(S)) (32)

as it consists of the support sets of the intermediate problems.
Existence: We prove that C in (32) is a compression set. By

the sufficiency part of Proposition 1, it suffices to show that, with
Pm-probability one, the set C in (32) satisfies x�

k(C) = x�
k(S),

for all k ∈ {0, . . . , �}. We will show this by means of induction.
For the base case k = 0, note that

c�x�
0(S) = c�z�(S) = c�z�(supp(x�

0(S)))

= c�x�
0(C) (33)

where the first equality is due to (23), the second equality is due
to the fact that supp(x�

0(S)) is the support set ofx�
0(S), while the

last equality is due to Assumption 2, the definition of support set
and the fact that supp(x�

0(S)) ⊂ C. By (33), and Assumption 1,
we conclude that x�

0(C) = x�
0(S).

To complete the induction argument, we assume thatx�
j (C) =

x�
j (S) for all j ∈ {0, . . . , k̄}, for some k̄ < �. We will show that

x�
k̄+1

(C) = x�
k̄+1

(S). To this end, by Assumption 2, x�
j (C) =

x�
j (S) for all j ≤ k̄ implies that supp(x�

j (C)) = supp(x�
j (S)),

for all j ≤ k̄, as the support set of each optimal solution is
unique. Moreover, Rj(C) = Rj(S) for all j < k̄, as Rj(C) =
supp(x�

j (C)) for fully supported problems. Similar to the base
case, we have that

c�x�
k̄+1(C) = c�z�(C \ ∪k̄

j=0Rj(S))

≤ c�z�(S \ ∪k̄
j=0Rj(S)) = c�x�

k̄+1(S) (34)

where the first and last equalities are due to (23), and the inequal-
ity is due to the fact that C \ ∪k̄

j=0Rj(S) ⊆ S \ ∪k̄
j=0Rj(S).

Moreover

c�x�
k̄+1(S) = c�z�(S \ ∪k̄

j=0Rj(S))

=c�z�(supp(x�
k̄+1(S)))≤c�z�(C \ ∪k̄

j=0Rj(S))

= c�x�
k̄+1(C) (35)

where the first and last equalities are due to (23), the second one
is due to the fact that supp(x�

k̄+1
(S)) ⊂ S \ ∪k̄

j=0Rj(S), and the
inequality holds since Rj(C) = Rj(S) and supp(x�

k̄+1
(S)) ⊂

C \ ∪k̄
j=0Rj(S). By (34) and (35), we then have thatx�

k̄+1
(C) =

x�
k̄+1

(S), thus concluding the induction proof. In other words,
we have shown that

x�
k(C) = x�

k(S), for all k ∈ {0, . . . , �}. (36)

Equation (36), together with the sufficiency part of Proposition 1,
shows that the candidate C in (32) is a compression set.

Uniqueness:: To show that C in (32) is the unique compres-
sion set, assume, for the sake of contradiction, that there exists

another compression C ′ ⊂ S for the mapping defined in (24),
C ′ 	= C, with |C ′| = (�+ 1)d. Since C ′ ⊂ S is a compression,
Proposition 1 (necessity part) implies that x�

k(C
′) = x�

k(S), for
all k ∈ {0, . . . , �}, as C ′ is a compression. Besides, by the
existence part (Step 1 above), we have shown that for C given
in (32), we have that x�

k(C) = x�
k(S) for all k ∈ {0, . . . , �}.

We, thus, have that for all k ∈ {0, . . . , �}, x�
k(C) = x�

k(C
′).

This, in turn, implies that supp(x�
k(C)) = supp(x�

k(C
′)) for all

k ∈ {0, . . . , �}, which, by Assumption 2, leads to C = C ′ (to
see this, note that∪�

k=0supp(x�
k(S)) ⊂ C ′ and |C ′| = (�+ 1)d),

thus establishing a contradiction.
Linking Theorem 2 with the probability of constraint viola-

tion: Recall that

A(C) = (A1(C) ∩ A2(C)) ∪ A3(C) (37)

where the individual sets are as in (24). Recall also thatA3(S) is
a discrete set that contains the removed samples throughout the
execution of the scheme of Fig. 2. Fix any S with m scenarios,
set r = �d, and letm > (�+ 1)d. Fix also ε ∈ (0, 1). LetC ⊂ S
with |C| = (�+ 1)d be the unique compression defined in (32).
We have that

P{A(C)} = P{(A1(C) ∩ A2(C)) ∪ A3(C)}
= P{A1(C) ∩ A2(C)},
≤ P{A1(C)} = P{δ ∈ Δ : g(x�(C), δ) ≤ 0},
= P{δ ∈ Δ : g(x�(S), δ) ≤ 0} (38)

where the first equality is due to the fact that P{A3(C)} = 0
since A3(C) is a discrete set and we have imposed the nonde-
generacy condition of Assumption 3 which prevents scenarios
to have accumulation points with nonzero probability, while the
inequality is due to the fact thatA1(C) ∩ A2(C) ⊆ A1(C). The
second last equality is by definition of A1(C), and the last one
follows from the fact that x�(C) = x�(S) [see (36)].

We then have that if P{δ ∈ Δ : g(x�(S), δ) > 0} > ε, then
P{δ ∈ Δ : δ /∈ A(C)} > ε. As a result, {(δ1, . . . , δm) ∈ Δm :
P{δ ∈ Δ : g(x�(S), δ) > 0} > ε} ⊆ {(δ1, . . . , δm) ∈ Δm :
P{δ ∈ Δ : δ /∈ A(C)} > ε}. The last statement implies then
that

Pm{(δ1, . . . , δm) ∈ Δm : P{δ ∈ Δ : g(x�(S), δ) > 0} > ε}
≤ Pm{(δ1, . . . , δm) ∈ Δm : P{δ /∈ A(C)} > ε}. (39)

Therefore, since set C in (32) is the unique compression of
A(C), by Theorem 2, we have that

Pm{(δ1, . . . , δm) ∈ Δm : P{δ ∈ Δ : δ /∈ A(C)} > ε}

≤
r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i. (40)

By (39) and (40), we then have that Pm{(δ1, . . . , δm) ∈ Δm :

P{δ ∈ Δ : g(x�(S), δ) > 0} > ε} ≤∑r+d−1
i=0

(
m
i

)
εi(1−

ε)m−i, thus concluding the proof of Theorem 3. �
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B. Nondegenerate Case

Throughout this subsection, we consider Assumption 3. Let
m > (�+ 1)d, and consider any setC ⊂ S with |C| = (�+ 1)d.
We modify the mapping A(C) in (24) by replacing the second
set in its definition with

A2(C) =

�⋂
k=0

{δ ∈ Δ : Fk(z
�(J ∪ {δ})) ≤ Fk(x

�
k(C)),

for all J ⊂ C \ ∪k−1
j=0Rj(C), with |J | = d− 1

}
(41)

where Fk(·) is the augmented objective function defined in
Remark 1, related to Pk defined by means of the regularization
procedure of Section IV. The above inequality is to be under-
stood in a lexicographic sense as detailed in Remark 1. A natural
candidate compression set in this case is

C =

�⋃
k=0

(supp(x�
k(S)) ∪ Zk(S)) (42)

which is composed of the removed samples of the scheme, and
the support set of the last stage together with the corresponding
constraints in Z�(S). In fact, we now append Zk(S) in the
definition of C to ensure that |C| = (�+ 1)d, as |supp(x�

k(S))|
could be lower than d as the intermediate problems might not
be fully supported. Similar to the fully supported case, our goal
is to show that the compression set defined in (42) is the unique
compression set of size (�+ 1)d for the mapping in (24), with
A2(C) in (41) in place of A2(C) in (24). By (21), recall that
Rk(C) = supp(x�

k(C)) ∪ Zk(C), k ∈ {0, . . . , �− 1}.
Proposition 2: Suppose Assumptions 1 and 3 hold. Let C

be the set in (42), and consider the scheme of Fig. 2 with
the removed scenarios given by (21). We have that, with Pm-
probability one, the following items hold.

1) x�
k(C) = x�

k(S) and Zk(C) = Zk(S) for all k ∈
{0, . . . , �}.

2) Let C ′ be any other compression of size (�+ 1)d. Sup-
pose Rj(C) = Rj(C

′) for all j ∈ {0, . . . , k̄ − 1}, where
k̄ is the smallest index such that x�

k̄
(C ′) 	= x�

k̄
(C). Then

x�
k̄
(C ′) 	= x�

k̄
(C ′ ∪ {δ}) for some δ ∈ supp(x�

k̄
(C)) \

supp(x�
k̄
(C ′)). Moreover, such a δ is, in fact, in the set

C \ C ′.
Proof: Item 1): We use induction. Fix k = 0 and note that

x�
0(C) = z�(C) = z�(supp(x�

0(S))) = x�
0(S) (43)

where the first equality follows from the definition in (23); for
the second one, we use the definition of the support set, and the
third one follows from the definition of x�

0(S) and the definition
of the support set. Moreover, we have that

Z0(C) = {ν0(S) scenarios with the smallest labels in

C \ {supp(x�
0(S))}}

= {ν0(S) scenarios with the smallest labels in

S \ {supp(x�
0(S))}} = Z0(S) (44)

where the first equality is due to the definition of C in (42)
and the fact that Z0(S) ⊂ C, while the last one is due to the

definition of Z0(S) in (20). Assume now that x�
k(C) = x�

k(S)
and Z�

k(C) = Z�
k(S) for all k ∈ {0, . . . , k̄}, and consider the

case k̄ + 1. Indeed, we have that

x�
k̄+1(C) = z�(C \ ∪k̄

j=0Rj(C)) = z�(supp(x�
k̄+1(S)))

= z�(S \ ∪k̄
j=0Rj(S)) = x�

k̄+1(S) (45)

where these relations follow as in (43) for the case k = 0. We
also have that

Z�
k̄+1(C) =

{
νk̄+1(S) scenarios with the smallest labels in

C \
⎛
⎝ k̄⋃

j=0

Rj(S) ∪ supp(x�
k̄+1(S))

⎞
⎠
⎫⎬
⎭ = Z�

k̄+1(S) (46)

since Z�
k̄+1

(S) ⊂ C \⋃k̄
j=0{Rj(S) ∪ supp(x�

k̄+1
(S))} due to

the particular choice of C in (42), thus proving that for C
in (42), we have x�

k(C) = x�
k(S) and Zk(C) = Zk(S), for all

k ∈ {0, . . . , �}. This concludes the proof of item 1).
Item 2): We prove the contrapositive. Assume that, for all δ ∈

supp(x�
k̄
(C)) \ supp(x�

k̄
(C ′)), we have that x�

k̄
(C ′) = x�

k̄
(C ′ ∪

{δ}). We will show that x�
k̄
(C) = x�

k̄
(C ′). We then have that

c�x�
k̄(C

′) = c�x�
k̄(C

′ ∪ {δ}) = c�x�
k̄(C

′ ∪ supp(x�
k̄(C)))

= c�x�
k̄(C) (47)

where the second equality holds due to [26, Lemma 2.12] since
C ′ ∪ {δ} ⊂ C ′ ∪ supp(x�

k̄
(C)). The last equality follows from

the definition of the support set and the nondegeneracy condition
of Assumption 3. By Assumption 1, we then conclude that
x�
k̄
(C) = x�

k̄
(C ′).

We now show that such a δ must belong to C \ C ′. In fact,
choose δ̄ ∈ supp(x�

k̄
(C)) \ supp(x�

k̄
(C ′)) and assume, for the

sake of contradiction, that δ̄ ∈ C ′. This implies that δ̄ ∈ Rj(C
′)

for some j ≥ k̄. In this case, we have that

c�x�
k̄(C

′ ∪ {δ̄}) = c�z�

⎛
⎝
⎛
⎝C ′ \

k̄−1⋃
j=0

Rj(C)

⎞
⎠ ∪ {δ̄}

⎞
⎠

= c�z�
(
supp(x�

k̄(C
′))
)

= c�x�
k̄(C

′) (48)

where the first relation holds due to (23) and the fact that
Rj(C

′) = Rj(C) for all j < k̄, the second one is due to the fact

that supp(x�
k̄
(C ′)) ⊂ C ′ \⋃k̄−1

j=0 Rj(C) ∪ {δ̄} and δ̄ ∈ Rj(C
′)

for j ≥ k̄. The third equality follows from the definition of the
support set and the nondegeneracy condition of Assumption 3.
However, note that (48) contradicts our choice of δ̄, which re-
quires that x�

k̄
(C ′) 	= x�

k̄
(C ′ ∪ {δ̄}). This concludes the proof.�

Proof of Theorem 4 Existence: The existence part follows
mutatis mutandis from the one of Theorem 3. In fact, A1(C) =
A1(S) and A3(C) = A3(S) by Proposition 2, item 1), and
A2(S) ⊂ A2(C) as C ⊂ S (see the discussion at the end of
Proposition 1). Uniqueness: Let C ′ be another compression
of size (�+ 1)d and assume, for the sake of contradiction,
that C 	= C ′. We can distinguish two possible cases. Case I:
there exists a k̄ ∈ {0, . . . , �} such that x�

k̄
(C ′) 	= x�

k̄
(C); or case
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II: x�
k(C

′) = x�
k(C) for all k ∈ {0, . . . , �}, but there exists a

k̃ ∈ {0, . . . , �} such that Zk̃(C
′) 	= Zk̃(C). In the sequel, we

argue separately that neither of these cases can happen.
Case I: Let k̄ be the smallest index such thatx�

k̄
(C ′) 	= x�

k̄
(C),

and let k̃ ≤ k̄ be the smallest index such that Zk̃(C
′) 	= Zk̃(C).

Consider first the case where k̃ < k̄. Under these definitions,
note that Rj(C

′) = Rj(C) for all j < k̃. Moreover, we have
that

Zk̃(C
′) =

⎧⎨
⎩νk̃(C) scenarios with the smallest labels in

C ′ \
k̃−1⋃
j=0

Rj(C
′)

⎫⎬
⎭

=

⎧⎨
⎩νk̃(C) scenarios with the smallest labels in

C ′ \
k̃−1⋃
j=0

Rj(S)

⎫⎬
⎭ (49)

where the first equality is by the definition in (20) and the fact
that νk̃(C

′) = νk̃(C) since k̃ < k̄; the second equality follows
since Rj(C

′) = Rj(C) = Rj(S), and the last equality follows
from Proposition 2, item 1), for all j ≤ k̃ − 1 and due to the
uniqueness requirement of Assumption 1. Note that Zk̃(C

′) 	=
Zk̃(S) and C ′ ⊂ S imply that, for all δ ∈ Zk̃(C

′) \ Zk̃(S)

yδ > max
ξ∈Zk̃(S)

yξ = ymax (50)

where yδ ∈ N corresponds to the label associated with δ.
We will use the relation (50) to show that any element in

C \ C ′ has a label greater than ymax. In fact, note that

C ′ \ C ⊂
{
∪�
j=k̃+1

Rj(C
′)
}
∪ {Zk̃(C

′) \ Zk̃(C)
}
. (51)

Hence, it suffices to show that any element in either sets in the
right-hand side of (51) is greater than ymax. To this end, fix any
δ ∈ ∪�

j=k̃+1
Rj(C

′) and note that

yδ > max
ξ∈Zk̃(C

′)\Zk̃(C)
yξ > ymax (52)

where the first inequality is due to the fact that since such a
δ has not been removed up to stage k̃, then its label will be
greater than the ones in Zk̃(C

′), and, as a result, the ones in
Zk̃(C

′) \ Zk̃(C). The second inequality follows from (50) and
the fact that Zk̃(C

′) \ Zk̃(C) ⊂ Zk̃(S). Therefore, for any δ ∈
C ′ \ C, we have that yδ > ymax.

From now on, let δ be the scenario associated with ymax. Pick
J̄ = {supp(x�

k̃
(C))} ∪ {Zk̃(C) \ {δ}}, which has cardinality

d− 1 and is a subset of C \ ∪k̃−1
j=0Rj(C), and fix δ̄ ∈ C ′ \ C.

Note that under this choice of δ̄

Fk̃(z
�(J̄ ∪ {δ̄})) > Fk̃(x

�
k̃
(C)) (53)

since yδ̄ > ymax (by our previous discussion) and the inequal-
ity is interpreted lexicographically. However, this contradicts

the fact that C is a compression set (see Definition 1) as
δ̄ ∈ C ′ \ C ⊂ S; hence, δ̄ /∈ A3(C

′) has not been removed, but
δ̄ /∈ A2(C) due to (53).

Consider now the case k̃ = k̄. Note that, in this case, we
have that Rj(C

′) = Rj(C) for all j ≤ k̄ − 1. Based on the
result of Proposition 2, item 3), applied to C ′ (note that the
assumptions of Proposition 2, item 3), are satisfied with our
choice ofC ′), we observe that there exists a δ̄ ∈ {supp(x�

k(C)) \
supp(x�

k(C
′))} ∩ {C \ C ′} such that x�

k̄
(C ′) 	= x�

k̄
(C ′ ∪ {δ̄}).

Repeating the arguments following (27) and (28) in the ne-
cessity proof of Proposition 1 with C ′ in the place of C
in that proposition, we reach a contradiction that C ′ is a
compression set.

Case II: We can reach a contradiction if case II holds in a
similar fashion to that in case I. In fact, letting k̃ be the smallest
index such that Zk̃(C

′) 	= Zk̃(C), the proof proceeds in an
identical manner with case I.

Hence, we conclude that in any case, C = C ′, thus proving
uniqueness of the compression set in (42).

Linking Theorem 2 with the probability of violation: Note
that for the nondegenerate case, the mapping has the same
structure as the one in (24), with the set A2(C) in (24) being
substituted with the one in (41). The arguments then follow
mutatis mutandis the ones in the last part of the fully supported
case. This concludes the proof of Theorem 4.

VI. TIGHTNESS OF THE BOUND OF THEOREM 3

A. Class of Programs for Which the Bound is Tight

We provide a sufficient condition on the problems Pk so
that the solution returned by the scheme of Fig. 2 achieves
the upper bound given by the right-hand side of (22) when all
the intermediate problemsPk, k = 0, . . . , �, are fully supported.
The result of this section implies that the bound of Theorem 3 is
tight, i.e., there exists a class of convex scenario programs where
it holds with equality.

To this end, we replace the mappingA in (24) with Ā : Δm →
2Δ defined

Ā(C) = {δ ∈ Δ : g(x�
� (C), δ) ≤ 0}∪{

�−1⋃
k=0

supp(x�
k(C))

}
. (54)

Note that Ā(C) coincides with the one in (37) but without the set
A2(C) in its definition. We impose the following assumption.

Assumption 4: Fix anyS = {δ1, . . . , δm} ∈ Δm and letC ⊂
S. For anyk ∈ {0, . . . , �} and δ ∈ S such that δ ∈ supp(x�

k(C)),
we have that

g(z�(J), δ) > 0

for all J ⊂ C \ (∪k−1
j=0supp(x�

j (C)) ∪ {δ}) with |J | = d.
Assumption 4 imposes a restriction on the class of fully

supported problems. For instance, the pictorial example of Fig. 3
does not satisfy Assumption 4, even though all the intermediate
problems Pk are fully supported, as the dashed-blue removed
constraint is not violated by the resulting solution. Indeed,
Assumption 4 requires that, with Pm-probability one, whenever
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a sample belongs to the support scenarios of any intermediate
problem, then the scenario associated with it is violated by all
the solutions that could have been obtained using any subset
of cardinality d from the remaining samples. Note that As-
sumption 4 is similar to the requirement of Theorem 1 [25],
[26]; however, in Theorem 5, we exploit it in conjunction with
the discarding scheme of Fig. 2 to show that the result of
Theorem 3 is tight. This serves as a constructive argument for
the existential result of [25]. In this article, we do not offer any
means to check the validity of Assumption 4; however, observe
that the scenario programs studied in Section III satisfy such an
assumption.

Theorem 5: Consider Assumptions 1, 2, and 4. Fix ε ∈ (0, 1),
set r = �d, and let m > r + d. Consider also the scenario dis-
carding scheme as encoded by (18) and illustrated in Fig. 2, and
let the minimizer of the �th program be x�(S) = x�

� (S). We then
have that

Pm

{
(δ1, . . . , δm) ∈ Δm : P {δ ∈ Δ : g(x�(S), δ) > 0} > ε

}

=

r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i. (55)

Proof: Existence: We first show that the set C given in (32)
is a compression for the mapping in (54). Recall that, under
Assumption 2, we have that Rk(S) = supp(x�

k(S)) for all k ∈
{0, . . . , �}. Applying a similar induction argument to that in
the existence part of Theorem 3, we have that x�

k(C) = x�
k(S)

for all k ∈ {0, . . . , �}. Hence, by the definition of the mapping
Ā(C) in (54), we obtain that Ā(C) = Ā(S), thus showing that
C in (32) is a compression.

Uniqueness: Let C ′ be another compression of size (�+ 1)d.
We will show that x�

k(C
′) = x�

k(S) for all k ∈ {0, . . . , �},
which, by the existence part, yields that x�

k(C) = x�(C ′) for
all k ∈ {0, . . . , �}. By Assumptions 1 and 2, this would then
imply that C = C ′.

To show that x�
k(C

′) = x�
k(S) for all k ∈ {0, . . . ,m}, it suf-

fices to show that, for all δ ∈ S \ C ′, we have that

x�
k(C

′) = x�
k(C

′ ∪ {δ}), for all k ∈ {0, . . . , �}. (56)

In fact, if (56) holds for all δ ∈ S \ C ′ by induction, it follows
then that x�

k(C
′) = x�

k(S) for all k ∈ {0, . . . , �}.
To show (56), assume, for the sake of contradiction, that

there exist a δ̄ ∈ S \ C ′ and a k ∈ {0, . . . , �} such that x�
k(C) 	=

x�
k(C

′ ∪ {δ̄}). Let k̄ be the smallest index such that this occurs
and note that

x�
k̄(C

′) = z�(C ′ \ ∪k̄−1
j=0supp(x�

j (C
′))), (57)

x�
k̄(C

′ ∪ {δ̄}) = z�((C ′ \ ∪k̄−1
j=0supp(x�

j (C
′)) ∪ {δ̄}) (58)

which implies that δ̄ ∈ supp(x�
k̄
(C ′ ∪ {δ̄})), as removal of δ̄ will

change x�
k̄
(C ′ ∪ {δ̄}) to x�

k̄
(C ′). By Assumption 4 and since

supp(x�
j (C

′)) = supp(x�
j (C

′ ∪ {δ̄})) for all j = 0, . . . , k̄ − 1,

we have that for all J ⊂ C ′ \ (∪k̄−1
j=0supp(x�

j (C
′)) ∪ {δ̄}) with

cardinality d

g(z(J), δ̄) > 0. (59)

Hence, since J̄ = supp(x�
� (C

′)) is a subset of cardinality d of
C ′ \ (∪k̄−1

j=0supp(x�
j (C

′)) ∪ {δ̄}), as these constraints have not
been removed from C ′, we obtain that

g(z(J̄), δ̄) = g(x�
� (C

′), δ̄) > 0 (60)

where the equality follows from (23). However,C ′ is assumed to
be a compression set for Ā, which implies that δ ∈ Ā(C ′), i.e.,
g(x�

� (C
′), δ̄) ≤ 0. This is in contradiction with (60), implying

thatx�
k(C

′) = x�
k(C

′ ∪ {δ}), for anyk ∈ {0, . . . , �}, for any δ ∈
S \ C ′. Using induction, adding one by one δ ∈ S \ C ′, we can
then show thatx�

k(C
′) = x�

k(S) = x�
k(C) for allk ∈ {0, . . . , �},

thus showing that C in (32) is the unique compression set for
the mapping defined in (54).

By Theorem 2, we then have that

Pm{(δ1, . . . , δm) ∈ Δm : P{δ : δ /∈ Ā(C)} > ε}
= Pm{(δ1, . . . , δm) ∈ Δm : P{δ : g(x�

� (C), δ) > 0} > ε}
= Pm{(δ1, . . . , δm) ∈ Δm : P{δ : g(x�

� (S), δ) > 0} > ε}

=
r+d−1∑
i=0

(
m

i

)
εi(1− ε)m−i (61)

where the first equality follows since the union of support
scenarios is a discrete set and will be of measure zero. To obtain
the second equality, we have used the fact that x�

� (C) = x�
� (S)

for the compression set defined in (32). This concludes the proof
of Theorem 5. �

VII. NUMERICAL EXAMPLE

In this section, we consider a resource allocation problem
to illustrate our theoretical result. Suppose that a manufacturer
produces a good in d different locations and that this good
can be produced from n different resources. The quantity of
resource p, p = 1, . . . , n, that is needed to produce a unitary
amount of the given good at facility j, j = 1, . . . , d, is a random
variable parametrized by δ ∈ R and is denoted by apj(δ). We
assume that the amount of resources p available to all facilities
is deterministic. The objective is to maximize the production,
given by

∑d
j=1 x

j , where xj is the jth component of x ∈ Rd,
while keeping the risk of running out of resources under control.

Under the scenario theory, we do not have access to the
distribution that generates apj(δ), p = 1, . . . , n, j = 1, . . . , d;
however, we encode it by means of data (apj(δi))

m
i=1 for all

p = 1, . . . , n and for all j = 1, . . . , d and solve the following
fully supported convex scenario problem

minimize{xj≥0}dj=1
c�x

subject to A(δi)x ≤ b, for all i = 1, . . . ,m (62)

where, for each i ∈ {1, . . . ,m}, A(δi) ∈ Rn×d is a matrix
whose (p, j)th entry is given by apj(δi), b ∈ Rn is a vector
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Fig. 5. Feasibility sets of the intermediate problems Pk, k = 0, 2, 5, 7,
10, for the scheme proposed in Fig. 2 when applied to (62). The optimal
solution of each problem is denoted by x�

k(S), k = 0, 2, 5, 7, 10.

whose pth component is the amount of resource p available to
all facilities, and c = [−1 . . . −1]� ∈ Rd.

A. 2-D Case

Set d = 2 and consider 2000 scenarios from the unknown
distribution1 for δ. We study the behavior of the scheme in Fig. 2
when we discard r = 20 of these scenarios. In this case, note
that according to the description given in Section IV, we have
to solve a cascade of 11 optimization problems (i.e., � = 10 in
the scheme of Fig. 2).

Fig. 5 illustrates the feasible set for stages k = 0, 2, 5, 7,
and 10 of the scheme of Fig. 2 and depicts the corresponding
optimal solution for each Pk as x�

k(S). Note that the feasible set
associated with each problemPk grows as we remove scenarios.
To complement this analysis, we also show in Fig. 6 a com-
parison between our method and the greedy scenario removal
strategy as described in [25], which removes scenarios one by
one according to one that yields the best improvement in the cost.
With the blue dots, we show the cost obtained by the proposed
procedure, where we are allowed to remove scenarios in batches
of d = 2, while the solid one shows the performance obtained
by the greedy removal strategy, where scenarios are removed
one by one. In red, we show the corresponding behavior of
the probability of constraint violation. This is calculated from
the bounds of Theorem 3 and Theorem 1, respectively, with
β = 10−6.

B. 10-D Case

Consider now (62) with d = 10 and the same 2000 scenar-
ios. We compare the cost improvement of the proposed bound
(Theorem 4) with the one of Theorem 1 [25]. To this end, for
a given ε ∈ [0.01, 0.08], we compute the maximum number
of scenarios that can be removed using each of these bounds.
Note that due to the fact that we remove scenarios of d, we

1For our simulations, fix i ∈ {1, . . . ,m} and set A(δi) = 0.04B(δi), where
B(δi) ∈ Rn×d, with entries obtained from a Laplacian distribution with mean
equal to 1 and variance equal to 3. Our numerical results were obtained by setting
the “seed” equal to 30 in MATLAB.

Fig. 6. Cost and probability of constraint violation for the solution
returned by the scheme of Fig. 2 and a greedy removal strategy for
the problem in (62) when d = 2, n = 2, and m = 2000. With the blue
dots, we show the cost obtained by the proposed procedure, where we
are allowed to remove scenarios in batches of d = 2, while the solid one
shows the performance obtained by the greedy removal strategy where
scenarios are removed one by one. In red, we show the behavior of the
probability of constraint violation.

Fig. 7. Relative cost improvement 100× f�(ε)−f̄�(ε)

f̄�(ε)
, as a function of

ε, where f�(ε) corresponds to the cost associated with Theorem 4 and
f̄�(ε) to the one of Theorem 1 [25]. The numerical results correspond to
(62) with d = 10.

compute the number of scenarios that need to be removed by
means of numerical inversion from the bound of Theorem 4
(using m = 2000, β = 10−6, and the given ε) and round it down
to the closest multiple of d = 10. For instance, for ε = 0.03,
the maximum number of scenarios that can be removed using
the bound in (4) is r = 18, but we only remove 10. Fig. 7
shows then the relative cost difference 100× f�(ε)−f̄�(ε)

f̄�(ε)
as a

function of ε, where f�(ε) is the optimal value of problem (62)
when scenarios are removed according to Theorem 4 and f̄�(ε)
corresponds to the bound in [25]. For ε > 0.03, our scheme
leads to better optimal costs (i.e., the relative cost difference is
negative), achieving approximately 4% of improvement when
ε = 0.08. This is due to the fact that more scenarios can be
removed, while guaranteeing the same level of violation. Note
also that there is no improvement when ε ≤ 0.03. This can be
explained by two reasons. 1) Due to the limitation on the number
of removed scenarios, the proposed bound returns a value for r
that is less than 10; hence, no scenarios are removed (this is
the case for ε ∈ [0.01, 0.02]). (2) The scenarios discarded by
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the greedy strategy lead to a better cost improvement (which
happens for the case where ε = 0.03).

Even though improving the computational requirements of
the discarding procedure is not the main focus of our work, as a
byproduct of the proposed removal scheme, the computational
requirements of the proposed approach are lower with respect
to the greedy removal strategy in [25] (see also [26]). To put
this in perspective, to remove 100 scenarios in the previous
example when d = 10, the greedy strategy requires the solution
of 1101 optimization problems of the form (62), whereas the
proposed scheme only needs to solve 11 of these problems. The
computational savings are more pronounced as the dimension
of the problem grows. However, the performance improvement
of the proposed discarding scheme with respect to the greedy
removal strategy described in [25] and [26] is problem dependent
in general.

VIII. CONCLUSION

In this article, we proposed a scenario discarding scheme that
consists of a cascade of optimization problems, where, at each
stage, we remove a superset of the support constraints. By relying
on results from compression learning theory, we provide a less
conservative bound on the probability of constraint violation of
the obtained solution. Besides, we show that the proposed bound
is tight and characterize a class of problems for which this is the
case.

The current work concentrates toward extending our scenario
discarding scheme so that we no longer remove scenarios in
batches but one by one. Preliminary results in this direction can
be found in [45]. We also aim at exploiting the dual variables
associated with each constraint in order to create a tie-break rule
to choose the scenarios to be removed at each stage.

ACKNOWLEDGMENT

The authors would like to thank Prof. S. Garatti and Prof.
M. Campi for interesting discussions. The authors would like
to extend special thanks to Prof. Garatti for several insightful
technical comments.

REFERENCES

[1] M. Vidyasagar, “Statistical learning theory and randomized algorithms for
control,” IEEE Control Syst. Mag., vol. 18, no. 6, pp. 69–85, Dec. 1998.

[2] T. Alamo, R. Tempo, and E. Camacho, “Randomized strategies for proba-
bilistic solutions of uncertain feasibility and optimization problems,” IEEE
Trans. Autom. Control, vol. 54, no. 11, pp. 2545–2559, Nov. 2009.

[3] K. Margellos, P. Goulart, and J. Lygeros, “On the road between robust op-
timization and the scenario approach for chance constrained optimization
problems,” IEEE Trans. Autom. Control, vol. 59, no. 8, pp. 2258–2263,
Aug. 2014.

[4] A. Care, S. Garatti, and M. Campi, “Scenario min-max optimization and
the risk of empirical costs,” SIAM J. Optim., vol. 25, no. 4, pp. 2061–2080,
2015.

[5] G. Calafiore, “Repetitive scenario design,” IEEE Trans. Autom. Control,
vol. 62, no. 3, pp. 1125–1137, Mar. 2017.

[6] A. Ramponi, “Consistency of the scenario approach,” SIAM J. Optim.,
vol. 28, no. 1, pp. 135–162, 2018.

[7] M. Campi, S. Garatti, and F. Ramponi, “A general scenario theory for non-
convex optimization and decision making,” IEEE Trans. Autom. Control,
vol. 63, no. 12, pp. 4067–4078, Dec. 2018.

[8] M. Campi and S. Garatti, “Wait-and-judge scenario optimization,” Math.
Program., vol. 167, no. 1, pp. 155–189, 2018.

[9] D. Bertsimas and M. Sim, “Tractable approximations to robust conic
optimization problems,” Math. Program., vol. 107, no. 1-2, pp. 5–36,
2006.

[10] D. Bertsimas, D. Brown, and C. Caramanis, “Theory and applications of
robust optimization,” SIAM Rev., vol. 53, no. 3, pp. 464–501, 2011.

[11] A. Ben-Tal and A. Nemirovski, “Selected topics in robust convex opti-
mization,” Math. Program., vol. 112, no. 1, pp. 125–158, 2008.

[12] A. Ben-Tal, L. Ghaoui, and A. Nemirovski, Robust Optimization, 1st ed.
Princeton, NJ, USA: Princeton Univ. Press, 2009.

[13] M. de Oliveira, J. Bernussou, and J. Geromel, “A new discrete-time
robust stability condition,” Syst. Control Lett., vol. 37, no. 4, pp. 261–265,
Jul. 1999.

[14] Y. Fujisaki, F. Dabbene, and R. Tempo, “Probabilistic design of LPV
control systems,” Automatica, vol. 39, no. 8, pp. 1323–1337, 2003.

[15] J. Geromel, M. de Oliveira, and J. Bernussou, “Robust filtering of discrete-
time linear systems with parameter dependent Lyapunov functions,” SIAM
J. Control Optim., vol. 41, no. 3, pp. 700–711, 2003.

[16] G. Calafiore, F. Dabbene, and R. Tempo, “Research on probabilistic meth-
ods for control system design,” Automatica, vol. 47, no. 7, pp. 1279–1293,
2011.

[17] R. Tempo, G. Calafiore, and F. Dabbene, Randomized Algorithms for Anal-
ysis and Control of Uncertain Systems, 2nd ed. London, U.K.: Springer,
2013.

[18] L. Romao, M. de Oliveira, P. Peres, and R. Oliveira, “State-feedback and
filtering problems using the generalized KYP lemma,” in Proc. IEEE Int.
Symp. Comput.-Aided Control Syst. Des., 2016, pp. 1054–1059.

[19] A. Prékopa, “On probabilistic constrained programming,” in Proc. Prince-
ton Symp. Math. Program., 2015, pp. 113–138.

[20] A. Nemirovski and A. Shapiro, “Convex approximations of chance
constrained programs,” SIAM J. Optim., vol. 17, no. 4, pp. 959–996,
2006.

[21] B. Pagnoncelli, S. Ahmed, and A. Shapiro, “Sample average approxima-
tion method for chance constrained programming: Theory and applica-
tions,” J. Optim. Theory Appl., vol. 142, no. 2, pp. 399–416, 2009.

[22] G. Calafiore and M. Campi, “Uncertain convex programs: Randomized so-
lutions and confidence levels,” Math. Program., vol. 102, no. 1, pp. 25–46,
2005.

[23] G. Calafiore and M. Campi, “The scenario approach to robust control de-
sign,” IEEE Trans. Autom. Control, vol. 51, no. 5, pp. 742–753, May 2006.

[24] M. Campi and S. Garatti, “The exact feasibility of randomized solu-
tions of uncertain convex programs,” SIAM J. Optim., vol. 19, no. 3,
pp. 1211–1230, 2008.

[25] M. Campi and S. Garatti, “A sampling-and-discarding approach to chance-
constrained optimization: Feasibility and optimality,” J. Optim. Theory
Appl., vol. 148, pp. 257–280, 2011.

[26] G. Calafiore, “Random convex programs,” SIAM J. Optim., vol. 20, no. 6,
pp. 3427–3464, 2010.

[27] K. Margellos, M. Prandini, and J. Lygeros, “On the connection between
compression learning and scenario based single-stage and cascading
optimization problems,” IEEE Trans. Autom. Control, vol. 60, no. 10,
pp. 2716–2721, Oct. 2015.

[28] M. Campi and S. Garatti, Introduction to the Scenario Approach. Philadel-
phia, PA, USA: SIAM, 2018.

[29] S. Garatti and M. Campi, “Complexity-based modulation of the data-set in
scenario optimization,” in Proc. 18th Eur. Control Conf., 2019, pp. 1386–
1391, vol. 2019, no. 2.

[30] G. Calafiore and L. Fagiano, “Robust model predictive control via scenario
optimization,” IEEE Trans. Autom. Control, vol. 58, no. 1, pp. 219–224,
Jan. 2013.

[31] Y. Ma, J. Matusko, and F. Borrelli, “Stochastic model predictive control
for building HVAC systems: Complexity and conservatism,” IEEE Trans.
Control Syst. Technol., vol. 23, no. 1, pp. 101–116, Jan. 2015.

[32] B. Varga, T. Tettamanti, B. Kulcsár, and X. Qu, “Public transport trajectory
planning with probabilistic guarantees,” Transp. Res. Part B: Methodol.,
vol. 139, pp. 81–101, Sep. 2020.

[33] X. Shen, T. Ouyang, Y. Zhang, and X. Zhang, “Computing probabilistic
bounds on state trajectories for uncertain systems,” IEEE Trans. Emerg.
Topics Comput. Intell., pp. 1–6, 2020.

[34] J. Kudela and P. Popela, “Pool discard algorithm for chance constrained
optimization problems,” IEEE Access, vol. 8, pp. 79397–79407, 2020.

[35] A. Devonport and M. Arcak, “Estimating reachable sets with scenario
optimization,” in Proc. 2nd Conf. Learn. Dyn. Control, vol. 120, 2020,
pp. 75–84.

Authorized licensed use limited to: Bodleian Libraries of the University of Oxford. Downloaded on March 28,2023 at 20:39:01 UTC from IEEE Xplore.  Restrictions apply. 



ROMAO et al.: ON THE EXACT FEASIBILITY OF CONVEX SCENARIO PROGRAMS WITH DISCARDED CONSTRAINTS 2001

[36] M. Campi and S. Garatti, “Scenario optimization with relaxation: A new
tool for design and application to machine learning problems,” in Proc.
59th Conf. Decis. Control, 2020, pp. 2463–2468.

[37] M. Cubuktepe, N. Jansen, S. Junges, J. Katoen, and U. Topcu, “Scenario-
based verification of uncertain MDPS,” in Lecture Notes in Computer
Science (Including Subseries Lecture Notes in Artificial Intelligence and
Lecture Notes in Bioinformatics), vol. 12078. Berlin, Germany: Springer,
Apr. 2020, pp. 287–305.

[38] K. Jensen and A. Podelski, Tools and Algorithms for the Construction and
Analysis of Systems. Cham, Switzerland: Springer, 2006, pp. 177–179.

[39] M. Shahroz, M. Younis, and H. Nasir, “A scenario-based stochastic op-
timization approach for non-intrusive appliance load monitoring,” IEEE
Access, vol. 8, pp. 142205–142217, 2020.

[40] A. Scampicchio, A. Aravkin, and G. Pillonetto, “Stable and robust
LQR design via scenario approach,” Automatica, vol. 129, no. 1, 2021,
Art. no. 109571.

[41] M. Vidyasagar, Learning and Generalization. Berlin, Germany: Springer,
2002.

[42] S. Floyd and M. Warmuth, “Sample compression, learnability, and
the Vapnik-Chervonenkis dimension,” Mach. Learn., vol. 21, no. 21,
pp. 269–304, 1995.

[43] D. Salamon, Measure and Integration. Zurich, Switzerland: European
Mathematical Society, 2016.

[44] L. Romao, K. Margellos, and A. Papachristodoulou, “Tight generalization
guarantees for the sampling and discarding approach to scenario optimiza-
tion,” in Proc. 59th IEEE Conf. Decis. Control, 2020, pp. 2228–2233.

[45] L. Romao, K. Margellos, and A. Papachristodoulou, “Tight sampling and
discarding bounds for scenario programs with an arbitrary number of
removed samples,” in Proc. 3rd Annu. Learn. Dyn. Control Conf., Zurich,
Switzerland, 2021, pp. 312–323.

Licio Romao received the B.Sc. degree in elec-
trical engineering from the Federal University
of Campina Grande (UFCG), Campina Grande,
Brazil, in 2014, the M.Sc. degree in electrical
engineering from the University of Campinas
(UNICAMP), Campinas, Brazil, in 2017, and the
D.Phil. (Ph.D.) degree in engineering science
from the University of Oxford, Oxford, U.K., in
2021.

He is currently a Postdoctoral Research As-
sistant with the Department of Computer Sci-

ence, University of Oxford. His research interests include optimization
and control strategies applied to large-scale, uncertain systems, as
well as automatic verification and stochastic control with application to
safety-critical systems.

Dr. Romao is a recipient of the 2021 IET Control and Automation
Doctoral Dissertation prize.

Antonis Papachristodoulou (Fellow, IEEE)
received the M.A./M.Eng. degree in electrical
and information sciences from the University of
Cambridge, Cambridge, U.K., and the Ph.D. de-
gree in control and dynamical systems (with a
minor in aeronautics) from the California Insti-
tute of Technology, Pasadena, CA, USA.

He is currently a Professor of Engineering
Science with the University of Oxford, Oxford,
U.K., and a Tutorial Fellow with Worcester Col-
lege, Oxford, U.K., as well as the Director of the

EPSRC and BBSRC Centre for Doctoral Training in Synthetic Biology,
Sheffield, U.K. He was previously an EPSRC Fellow. His research in-
terests include large-scale nonlinear systems analysis, sum of squares
programming, synthetic and systems biology, networked systems, and
flow control.

Dr. Papachristodoulou is a recipient of the 2015 European Control
Award for his contributions to robustness analysis and applications to
networked control systems and systems biology. In the same year, he
received the O. Hugo Schuck Best Paper Award.

Kostas Margellos (Member, IEEE) received
the Diploma degree in electrical engineering
from the University of Patras, Patras, Greece,
in 2008, and the Ph.D. degree in control engi-
neering from ETH Zürich, Zürich, Switzerland,
in 2012.

He spent 2013–2015 as a Postdoctoral Re-
searcher with ETH Zürich; UC Berkeley, Berke-
ley, CA, USA; and Politecnico di Milano, Milan,
Italy, respectively. In 2016, he joined the Con-
trol Group, Department of Engineering Science,

University of Oxford, Oxford, U.K., where he is currently an Associate
Professor. He is also a Fellow of Reuben College, Oxford, U.K., and
a Lecturer with Worcester College, Oxford, U.K. His research interests
include optimization and control of complex uncertain systems, with
applications to energy and transportation networks.

Authorized licensed use limited to: Bodleian Libraries of the University of Oxford. Downloaded on March 28,2023 at 20:39:01 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


